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ABSTRACT 

We derive the exact effective superpotential in Ad, N = 1 
supersymmetric SU (2) gauge theories with A^^ triplets and 2Nf 
doublets of matter superfields. We find the quantum vacua of 
these theories; the equations of motion (for Na = 1) can be reor- 
ganized into the singularity conditions of an elliptic curve. From 
the phase transition points to the Coulomb branch, we find the 
exact Abelian gauge couplings, r, for arbitrary bare masses and 
Yukawa couplings. We thus derive the result that r is a section of 
an SL{2, Z) bundle over the moduli space and over the parame- 
ters space of bare masses and Yukawa couplings. For Nc > 2, we 
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derive the exact effective superpotential in branches of supersym- 
metric SU (Nc) gauge theories with one supermultiplet in the ad- 
joint representation {Na — 1) and zero or one flavor (Nf = 0, 1). 
We find the quantum vacua of these theories; the equations of 
motion can be reorganized into the singularity conditions of a 
genus Nc—1 hyper elliptic curve. Finally, we present the effective 
superpotential in the Na, Nf < N^ cases. 
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1 Introduction and Discussion 



Recently, many new exact results were derived in four dimensional super- 
symmetric gauge theories (for a review, see ref. [0] and references therein). 
In particular, in ref. P|, we reported the results of applying the methods of 
refs. ^ ^, ^ to the general case of an infra-red nontrivial = 1 supersym- 
metric SU{2) gauge theory with Na triplets of matter superfields and Nf, 
N = 2 flavors {i.e., 2Nf doublets). In we presented the exact effective 
superpotential in these models, and the effective Abelian gauge couplings for 
arbitrary bare masses and Yukawa couplings. 

In this paper, we present the detailed derivation of the results of ref. 
Moreover, we extend the results to the ^^SU{Nc) vacua" branches of super- 
symmetric SU{Nc) gauge theories with Na matter superfields in the adjoint 
representation, Nf supermultiplets in the fundamental and Nf supermulti- 
plets in the anti-fundamental representations {Nf < Nc). 

To derive the nonperturbative superpotential of a particular supersym- 
metric gauge theory, one may attempt to obtain a unique result by using 
holomorphy, symmetries and limiting considerations |]T[]. An equivalent, but 
more efficient way, in some cases, is to derive the exact superpotential by 
applying similar considerations in an "integrating in" procedure ^. Un- 
der certain conditions, one may, unconventionally, derive the effective super- 
potential for modes which are of finite mass, given the effective action in 
which these modes have been considered to have infinite mass. In this work, 
we apply the integrating in technique when it is valid; the various consis- 
tency checks to which the result is subjected strengthen the reliability of the 
method. 

We begin, in section 2, with a review of the integrating in procedure. We 
discuss the limiting considerations which determine when such a procedure 
allows to derive the nonperturbative superpotential. Then, in section 3, we 
review the integrating in of 2Nf doublets to pure = 1 supersymmetric 
SU (2) gauge theory. 

In section 4, we integrate in A^^ triplets to an = 1 supersymmetric 
SU (2) gauge theory with 2A^/ doublets. We find a universal representation 
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of the nonperturbative superpotential for all (one-loop) infra-red nontrivial 
theories, namely, with Na = 3, Nf = 0, or Na = 2, Nf = 0, 1, 2, or A^^i = 1, 
Nf = 0,1,2,3,4. We then review the physics of cases without doublets 
(Nf = 0). 

In sections 5,6,7,8, we consider in detail the SU (2) models with one triplet 
matter superfield {Na = 1), and with Nf = 1,2,3,4, respectively. In all 
cases, we find the quantum vacua in the Higgs/confinement P| branches (the 
"5'f/(2) vacua"). We reorganize some of the equations, derived by variations 
of the superpotential, into the singular conditions of an elliptic curve. This 
elliptic curve has 2 + Nf singularities, corresponding to the 2 + Nf branches 
of SU (2) vacua; the values of the quantum field, corresponding classically to 
the SU{2) quadratic Casimir, are fixed. The rest of the equations of motion 
determine the values of other quantum fields as functions of the bare masses 
and Yukawa couplings in each branch. In the massless case, there is a Z^^^f 
global symmetry Q acting on the moduli space of the A^^ = 1, Nf > theory; 
this symmetry can be read directly from the quantum superpotential. 

Moreover, at the phase transition points to the Coulomb branch, the 
results in sections 5,6,7,8 provide a direct derivation of the elliptic curves, 
defining the effective Abelian gauge coupling, r, as a function of the bare 
masses and Yukawa couplings. Therefore, we derive the result that r is a 
modular parameter of a torus, namely, a section of an SL{2, Z) bundle over 
the moduli space and over the parameters space of bare masses and Yukawa 
couplings. 

These results pass various consistency checks (like integrating out of any 
degree of freedom). In particular, on the subspace of parameters where the 
theory has an enhanced N = 2 supersymmetry, we reobtain the results of 
Seiberg and Witten 0, ||. On the way, we identify a physical meaning of the 
complex parameter x appearing in the elliptic curve equation: = p{x). 

At each of the 2 -|- Nf singular points, in the moduli space of the Coulomb 
branch, a dyon becomes massless. For special values of the bare masses and 
Yukawa couplings, some of the 2 + Nf vacua degenerate. In some cases, it 
may lead to points where mutually non-local degrees of freedom are mass- 

^ Zi means no symmetry and Zq means U{1). 
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less Q, similar to the situation in pure N = 2 supersymmetric SU{3) gauge 
theories, considered in For example, when all masses and Yukawa cou- 
plings approach zero, all the 2 + Nf singularities collapse to the origin. Such 
a point might be interpreted as a non-Abelian Coulomb phase |llO[| . 

In sections 9,10, we consider the SU{2) models with two triplet matter 
superfields {N^ = 2), and with Nf = 1,2. In section 9, we find the quantum 
vacua of the model with one fiavor [Nf = 1). Again, at the phase transition 
points to the Coulomb branch, the equations derived by variation of the 
superpotential can be reorganized into the singular conditions of an elliptic 
curve - the one defining the effective Abelian gauge coupling in the Coulomb 
branch. Unlike the A^^ = 1 cases, away from the phase transition points, 
the equations determining the vacua fail to describe, in general, an elliptic 
curve. As before, on the way, we identify a physical meaning of the complex 
parameter x, which at the phase transition points becomes the one appearing 
in the elliptic curve equation: y"^ = p{x). For special values of the bare 
parameters, we consider a point in the moduli space that might be interpreted 
as a non-abelian Coulomb phase |]T0| and, as another consistency check, we 
show that the reduction from A^^ = 2 to A^^ = 1 is simple. 

In section 10, we argue that the supersymmetric SU{2) gauge theory with 
A^^ = Nf = 2 is infra-red free. This result is consistent with the fact that 
(unlike the other one-loop conformal cases: A^a = 1, Nf = 4, or Na = 3, 
Nf = 0) we are not able to match the coupling constant of this theory to the 
one of the model with A^^ = 0, Nf = 2, in a way that respects the global 
symmetries of the theory. The general discussion in section 10 follows ref. 
[ pj]] . Analyzing the gauge-coupling beta-function and the Yukawa couplings 
beta-functions, we see that in the other one-loop infra-red conformal theo- 
ries, indeed, the beta-function equations are expected to have a fixed line of 
solutions. 

In sections 11,12,13, we turn to supersymmetric SU{Nc) gauge theories 
with more than two colors: A"c > 2. In section 11, we consider SU{Nc) 
with one matter superfield in the adjoint representation (A^^ = 1) and no 
fiavors {Nf = 0). In this case, symmetries and limiting considerations are 

^We thank R. Plesser and N. Seiberg for discussions on this point. 
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not strong enough to allow a determined integrating in procedure from the 
pure supersymmetric SU{Nc) gauge theory (although they are enough to 
show that the effective superpotential vanishes). However, imposing also 
the physical condition to have a discrete set of ''SU (Nc) vacua," allows one 
to obtain the result: the nonperturbative superpotential vanishes and there 
are constraints which fix the quantum field, corresponding classically to the 
SU (Nc) quadratic Casimir, at Nc values, and fix the value of quantum fields, 
corresponding classically to higher Casimirs, to zero. These are exactly the 
Nc SU{Nc) vacua of the theory; there is a Z^^ global symmetry, acting in 
the moduli space, which relates them. 

In section 12, we present the nonperturbative superpotential in super- 
symmetric SU{Nc) gauge theory with Nf flavors and Na = 0, found in refs. 
[0, 0. Then, in section 13, we add to the Nf = 1 theory a matter su- 
perfield in the adjoint representation. As before, symmetries and limiting 
considerations are not strong enough to allow a determined integrating in 
procedure from the supersymmetric SU{Nc) gauge theory with Nf = 1 to 
the theory with Na = Nf = 1. However, imposing also the physical condition 
to have a discrete set of SU{Nc) vacua, allows one to obtain the result: the 
nonperturbative superpotential does not depend on the quantum fields, cor- 
responding classically to SU (Nc) Casimirs, except for the quadratic Casimir; 
the quantum fields corresponding to higher Casimirs are constrained. 

We find the quantum vacua in the fully Higgsed/confined branches (the 
''SU{Nc) vacua") in the presence of a tree-level superpotential containing 
only mass terms and a Yukawa coupling term. We reorganize some of the 
equations, derived by variations of the superpotential, into the singular con- 
ditions of a genus Nc — 1 hyperelliptic curve. This hyperelliptic curve has 
2A/'c-l singularities, corresponding to the Nc+{Nc-l)Nf = 2Nc-l SU{Nc) 
vacua of the A^^ = Nf = 1 theory. In the massless case, there is a Z2Nc-i 
global symmetry acting on the moduli space of this theory; this symmetry 
can be read directly from the quantum superpotential. 

In section 14, we revisit the supersymmetric SU{2) gauge theory with 
A^^ = Nf = 1, in a way similar to the manipulation for Nc > 2. We find that 
the equations of motion, determining the SU(2) vacua, are the singularity 



6 



conditions of an elliptic curve, related to the previous one by an SL{2, C) 
transformation. 

In section 15, we present the effective superpotential in supersymmetric 
SU{Nc) gauge theories, Nc > 2, with A^^ matter superfields in the adjoint 
representation and Nf < flavors. For A^^ = 1, we find that there are 
Nc + Nf{Nc — l) — jNf{Nf — 1) (branches of) SU{Nc) vacua in the presence of 
a tree-level superpotential containing only mass terms and Yukawa coupling 
terms. In the massless case, there is a Z2Nc-Nf global symmetry acting on 
the moduli space of the Na = 1, Nf > theory; this symmetry can be 
read directly from the quantum superpotential. For A^^ = 2, Nf 0, the 
superpotential in section 15 is conjectured. 

Finally, in the Appendix, we show in detail the considerations leading to 
the conclusion that the integrating in procedure is valid in examples discussed 
in this work. 



2 Integrating in 

For completeness, we start by repeating the general discussion of refs. ^ |]. 
Let the nonperturbative superpotential of an = 1 supersymmetric gauge 
theory, which we call the "down" theory, be 

Wd = Wdo^n{Xj,Ad). (2.1) 

Wd depends on the gauge singlets Xj, which are constructed out of the down 
theory matter superfields, Di, and on the gauge coupling constant, expressed 
as the dynamically generated scale of the down theory, A^; we may add to 
Wd the tree-level superpotential: m^Xj. 

Suppose we also know the nonperturbative superpotential of the A^ = 1 
gauge theory with a matter superfield U in addition to Di. We call this 
theory the "up" theory, and its nonperturbative superpotential is 

Wu = Wup{Xi,M,Za,A), (2.2) 
where M U"^ and Za are relevant gauge singlets constructed out of U and 



Di. In eq. (p.2|), A = A^( is the dynamically generated scale of the up theory. 
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One may add to Wu the tree-level superpotential 

Wtree = rflM + \^ Z A- (2.3) 

Here in is the mass of the superfield U , and are some couplings of U and 

A. 

By integrating out U at finite mass, m, one gets, using the notation of 
ref. i, 

[Wu + mM + XZ](M),{Z) =Wd + W,, (2.4) 

where 

Wi = Wintermediate{X.,fh, A). (2.5) 

We may now split the "intermediate" superpotential into two pieces: 

Wi = Wtree4 + WA, (2.6) 

where the tree-level down superpotential, Wtree,d, is 

Wtree,d = Wtree\{U)- (2.7) 

So far we have described the obvious "integrating out" of U from the up 
theory to the down theory. Now, suppose we start with the down theory, and 
add to it the superfield U . One may attempt to obtain a unique result for 
Wu by symmetry and limiting considerations. A more efficient way, in some 
cases, is to derive Wu by applying similar considerations in an "integrating 
in" procedure. 

The integrating in of U from the down theory to the up theory is possible 
if we know I^a-Q The superpotential of the up theory is derived from the 
superpotential of the down theory by the Legendre transform of eq. ( p.4| ): 

Wu = [Wd + W^ + WtreeA ' Wtree]{rh) ,{X) ■ (2.8) 

How can one find W/^1 It might happen that holomorphy, symmetries, 
and various limits are strong enough to impose VFa = 0. The limits that Wa 
should obey are 

iyA(A,r^ ^ oo) ^ 0, iyA(A ^ 0,m) ^ 0. (2.9) 
list of warnings as to limitations of the procedure appears in [l^ . 



8 



When A — i> 0, the theory becomes classical and the superpotential collapses 
to Wtree,d (in somc cases there is also a classical constraint). When m — *• oo, 
the additional degrees of freedom U become much heavier than the scale A 
of the up theory and hence are expected to decouple from the down theory, 
except for their influence on the renormalization of the coupling. This will 
make Wd depend on the down scale A^. If W/^ is indeed zero, we can integrate 
in the superfield U and derive the nonperturbative superpotential of the up 
theory. 

We should remark that the W^, derived by integrating in, is the super- 
potential on particular branches in the moduli space of = 1 vacua - those 
branches which contain the heavy U region. Moreover, Wu is expected to 
be singular at points in the moduli space where extra degrees of freedom - 
not included in the procedure - become massless. We shall return to these 
points later. 

3 Integrating in 2Nf doublets to pure = 1, 
SU(2) gauge theory 

The nonperturbative superpotential of A^ = 1 supersymmetric SU (2) gauge 
theory with Nj flavors {2Nf doublets) can be constructed just by the use of 
holomorphy and symmetries [l^, |13|. Yet, following refs. ^, we shall also 
derive by integrating in Nf flavors to the pure supersymmetric SU{2) 
gauge theory. 

The classical low-energy effective superpotential of the down theory van- 
ishes, and the nonperturbative effective superpotential (due to gluino con- 
densation) is 

iy,(pure N=l, 5f/(2)) = ±2A^, (3.1) 

where A^ is the dynamically generated scale of the down theory. We now 
want to integrate in 2A^/ supermultiplets in the fundamental representation, 
Q", i = l,...,2Nf, and a is a fundamental representation index. One-loop 
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asymptotic freedom or conformal invariance implies 

bi=6- Nf>0, (3.2) 

where —61 is the one-loop coefficient of the gauge coupling beta-function. 
We consider these models in the presence of masses m. The relevant gauge 
singlets, X^j = —Xji, are quadratic in the N = 1 superfield doublets, Q": 

X,, = eatQtQ'j, a,&=l,2, t,j = l,...,2Nf, (3.3) 

and, therefore, 

Wtree = ^TrgTV^mX Wtree,d = ^TrgAT^ mX | (q) = 0. (3.4) 

By using the global symmetries, SU{2Nf) x U{1)q x U{1)r, one finds 
that = and, therefore, 

Wu{X) = [Wd - Wtree](m) = [±2(Pfm)U^ - ^Tra^^mX] . (3.5) 

Here we used the coupling constant matching (consistent with global sym- 
metries) 

A^i''' = (Pfm)A^^-", (3.6) 

where bi^d = 6 is minus the one-loop coefficient of the gauge coupling beta- 
function of the down theory, and 6i „ = 6 — Nf is minus the one-loop coef- 
ficient of the gauge coupling beta-function of the up theory. This matching 
implies Wdim, A) = ±2(Pfm)2A^~, which we inserted in ( p.5|) . Finally, 
one finds 

Wn,{X) = (2-iV^)A^--/(PfX)'^/-^ +-Tr2^^mX, (3.7) 

where an additional tree-level superpotential has been added to Wu- For 
Nf = 1, the massless superpotential reads: W = A^/X. For Nf = 2 (6i = 4 
in eq. ( p.2|) ), W = 0, and by the integrating in procedure we also get the 
constraint: PfX = A^. For Nf > 2, W{m = 0) is proportional to some 
positive power of the classical constraint: PfX = 0. Small values of A imply 
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a semi-classical limit for which the classical constraint is imposed; however, 
quantum corrections remove the constraint. At the (X) = vacuum one 
expects to find extra massless interacting scalars (by 't Hooft matching con- 
ditions and, for Nj > 3, by electric-magnetic duality fl^) and, therefore, 
we make use of the Nf > 2 superpotential only in the presence of a mass 
matrix m (detm ^ 0), which fixes the vacua at (X) ^ 0. 



4 Integrating in Na triplets to = 1, SU(2) 
gauge theory with 2Nf doublets 

We now want to derive the nonperturbative superpotential, Wn^^^n^, of N = 1 
supersymmetric SU{2) gauge theory with A^^ triplets and Nf flavors, by in- 
tegrating in Na triplets, a = 1,...,Na, to the supersymmetric gauge 
theory with 2Nf doublets (|3.7|) . Here a, b are fundamental representation in- 
dices, and = As before, we treat the cases with one-loop asymptotic 
freedom or conformal invariance, for which 

b-^ = Q-Nf- 2Na > 0, (4.1) 

where —bi is the one-loop coefficient of the gauge couphng beta-function. 
The relevant gauge singlets we should add to Xij in eq. ( |3.3| ) are Ma/3 = 

Mfja and Zija = Zjia'- 

Map = eaa'ebb'K^'^f, a, 6 =1,2, a, (3 = 1, Na, 

Zija = eaa'ewQt^fQ' I, J = I, . .. , 2N f . (4.2) 

After some algebra one can show that 

= ^Tr2iv,(m"')a;3A"XA^X (4.3) 

Moreover, by using the global symmetries and various limits one can show 
that Wa = 0; this is done in the Appendix. Therefore, 

WuiM,X,Z) = [Wd + Wtree,d-Wtree](fn),{X) 
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2-iV. 



A" 



(detm)^/-'(PfX)" 



+ 



^Tr27v,(m-')a/3A"XA^X 
1 



TiAr^mM 



(m>,(A) 



(4.4) 



Here we used Wd = VTat^ of eq. (pj.T]), where we inserted the matching 
(consistent with global symmetries): 



A°i-^ = [det(m/2)]2A*i-. 



(4.5) 



In (|4~5| ) 6i = 6 — A^/ is minus the one-loop coefficient of the gauge coupling 
beta-function of the down theory, and = 6 — Nf — 2Na is minus the one- 
loop coefficient of the gauge coupling beta-function of the up theory. Finally, 
we obtain the superpotentialQ 



W, 



Nf,NA 



{M,X,Z) = (6i-4){A-^^Pfx[det^^(r,^)] } 



2-1 l/(4-fei) 



+ TiN^mM + -Tr2NjmX + -^Tt2n,X"Z^, (4.6) 



where 

T^f,{M,X,Z) = M^p + TT2N,{Z^X-'ZpX-'). (4.7) 

Recall that in eq. (|4.6|) , A is the dynamically generated scale, bi is given in 
eq. (4J.), and rfiap, rriij and Xfj are the bare masses and Yukawa couplings, 
respectively (m„/3 = m^„, niij = -ruji, A," = A"J. 

From eqs. (|3.3|) , (^4.2|) it is clear that the determinant in WNf,NA vanishes 
classically. Quantum mechanically, the constraint is removed; by taking the 
A — > limit in eq. ( [4.6|) , one recovers the classical constraint detAr3(rQ^) = 
(if bi <A,Nf^ 0). 

^ When bi — 4, the nonperturbative superpotential vanishes and one also obtains 
constraints. In the conformal case, when bi — 0, "A^''^" in (4^) should be replaced by a 
function of tq = — + ^ (the non-Abelian gauge coupling) and det A; this will be discussed 

in section 8. 
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Models without triplets {Na = 0) were discussed in section 3. Models 
without doublets {Nf = 0) were studied in 0, |T5[. In these cases 



Wo^NAiM) = 2(1 - A^a)A^-4"^ (det M) + Tr^^mM. (4.8) 

The massless Na = 1 case is a pure SU{2), N = 2 supersymmetric Yang- 
Mills theory. This model was considered in detail in ref. 0. In this case, 
W = (compatible with eq. ([4.6|) ). As in the other bi = 4 case, discussed in 
section 3, by the integrating in procedure one also gets a constraint in this 
case: M = ±A^. This result can be understood because the starting point 
of the integrating in procedure is a pure = 1 supersymmetric Yang-Mills 
theory. Therefore, it leads us to the points at the verge of confinement in the 
moduli space. These are the two singular points in the M moduli space of 
the theory; they are due to massless monopoles or dyons. Such excitations 
are not constructed out of the elementary degrees of freedom and, therefore, 
there is no trace for them in W. (This situation is different if Nj ^ 0; in 
this case, monopoles are different manifestations of the elementary degrees 
of freedom.) 

The Nj = 0, Na = 2 case is discussed in refs. [1^. In this case, the 
superpotential in eq. ( ^^ ) is the one presented in |K| on the confinement 
and the oblique confinement branches (it so happens that for m such that 
detm = eq. ( |4.8| ) also describes the Coulomb phase). As in the A^^ = 1 
case, this is because the starting point of the integrating in procedure is a 
pure = 1 supersymmetric Yang-Mills theory and, therefore, it leads us 
to the confining branches in the moduli space. The moduli space may also 
contain a non-Abelian Coulomb phase at the point (M) = |l^] . 

For A^^ = 3 there is an additional Yukawa coupling that we did not 
consider in ([4.2|) : the one which couples the three (antisjnumetric) triplets. 
Therefore, we should also integrate in the additional gauge singlet $$$ = 
det The superpotential in eq. ( [4.8| ) remains valid also in the presence of 
Wtree = A dct $ bccausc det $ = (det M)^/^. For this term, the Yukawa cou- 
pling, A, replaces "A°" in eq. ( [4.8|) . This result coincides with the one derived 
|T^. In the massless case, this theory flows to an A^ = 4 supersymmetric 



m 



Yang-Mills fixed point. 
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In sections 5-10, we consider the supersymmetric SU{2) models with 
Na 7^ and Nf ^ 0. All the symmetries and quantum numbers of the 
various parameters, in particular, such as used in 0, |§] , are already embod- 
ied in the superpotential H^at^^at^ of eq. (|4.6|) . 

By construction, integrating out a triplet from W^at^^at^ ( [4 .61) gives the su- 
perpotential of the down theory: W^q^ of eq. (|3.71 ). Moreover, integrating out 
a flavor from Wat^^at^ gives the superpotential W^^-\^^j^ and an intermediate 
superpotential, PFj, which vanishes in the infinite mass limit of the doublets 
integrated out: Wiimj^^^x-^^ oo) — > 0. 

We should remark that the singularities at X = 0, and the branch cuts 
in PfX and F, signal the appearance of extra massless degrees of freedom at 
these points (the branch cuts in A are due to non-Abelian effects). Those 
are expected, physically, due to some duality, similar to the electric-magnetic 
duality of refs. [1^, |16[. The SU{2), Na = 1, Nf models fall into a lacuna in 
the analysis in ref. of the dual models to SU (Nc) systems with matter 
in the adjoint and fundamental representations. The results obtained here 
might shed some light on this gap. 

Finally, to complete the survey of SU{2) models obeying bi > 0, let us 
note that one can also have an infra-red non-trivial theory with a single 
matter superfield in the 7 = 3/2 representation. The N3/2 = 1, Nf = 
theory was shown to have W = |[T^. Adding Nf = 1 matter results with 
61 = in eq. ( |4.1| ). The two- loop beta function renders the theory infra-red 
free. As no Yukawa coupling is possible, this model is indeed infra-red free. 



5 SU{2) with NA = Nf = l {bi = 3) 

Before turning to the substance of this section, we should remark that we 
will use some notational and algebraic complications which are not necessary 
in the study of the = 1, SU{2) case with Na = Nf = 1 (we shall return to 
a simpler manipulation of this case after discussing SU{Nc) with one adjoint 
and one flavor in section 14). We do the manipulation here in a way similar 
to what we shall do in the more complicated cases of SU (2) with one adjoint 
and several flavors. 
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A supersymmetric SU{2) gauge theory with one triplet and one flavor 
has a superpotential ([4 .61): 



Wi,i = - A-'\Pf X)T^ + mM + -TimX + ^Tt \Z. (5.1) 

2 y 2 

Here m and X are antisymmetric 2x2 matrices, and A and Z are symmetric 
2x2 matrices and 

T = M + Tr{ZX-^y. (5.2) 

In ref. 0, both the classical and quantum moduli spaces were described. 
Both classically and quantum mechanically, the theory is generically in the 
Higgs/confinement phase. The classical singularity atX = Z = M = Ois 
resolved quantum mechanically into three singularities. We will reobtain this 
result in detail. 

We now want to find the vacua of the theory, namely, we should solve the 
equations of motion 6Wi^i/6M = 6Wi^i/6X = 6Wi^i/6Z = 0, which read: 



m = R^\X-'^ 
1 

72 



m = 2A-3(PfX)r, 

iT-^X-\ZX-^f), 
A = AR-^T-^X-^ZX-K 



where 



= A-^{P{X)r^. 
Combining eqs. (|5.4| ) and ( p.5|) we get 

Xm + V2ZX = R-^I, 

where / is the 2x2 identity matrix. Equation ( |5.5| ) gives 

i=zA = ^/^^(XA)^ 

and using (|5.8| ), eq. (|5.7| ) reads: 

Y^ + Yiy = 2TI, 



(5.3) 
(5.4) 
(5.5) 

(5.6) 
(5.7) 

(5.8) 

(5.9) 
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where 

z/=^A-^m, Y = ^RTX\ = AZX-\ T = M + — TrF^. (5.10) 

(The form of eqs. ( |5.2|) , (|5.4|) , (|5.5|) , (|5.71 )- (|5.1(]| ), as derived by variations from 
eq. ([4.6| ), is A^j-independent for A^^ = 1 and will appear again in sections 
6,7,8; equations ( ^.1|) , ( ^.3|) , ( pl6|) contain, explicitly, the Nj dependence.) 
Equations ( ^.10|) , ( p.6|) imply 



C2 = det F = -^Try' = ^A^F"" det A, TrF = 0, 
which implies that the characteristic polynomial of Y is 

Y^ + C2I = 0. 



Using eqs. (|5.9| ) and (|5.12|) to eliminate Y gives 

C2z/' + 4(r + ic2)'/ = o. 

The characteristic polynomial of ly is 

z/^ + ^2-^ = 0, 02 = det z/, Trz/ = 0, 
and with (|5.13| ) and ( |5.11|) we obtain 

a,C2 = 4(r + ^(2)' = 4A6r-2(Pfm)2. 
From eqs. (|5.10|) and ( p.ll| ) we read 



M--C2 



and, therefore, ( |5.15| ) becomes 



A^r-^Pfm = r + -C2 = 4M - 3r ^ 31^ - AMY + A^Pfm = 0. 



Equations (|5.16|) and ( ^.llD imply 
8(M-r) = iA^^r-MetA ^ 
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2 ' — AMetA = 0. 
16 



(5.11) 



(5.12) 



(5.13) 



(5.14) 



(5.15) 



(5.16) 



(5.17) 



(5.18) 



By combining eqs. ( |5.17| ) and ( p.l8| ) we find 

- Mx"^ + -A^(Pim)x - — det A = 0, (5.19) 
4 ^ ^ 64 ' ^ ^ 

and ^ 

3x^ - 2Mx + -A^Pfm = 0, (5.20) 

where 

x=-T. (5.21) 

2 ^ ^ 

Equations ( p.l9| ) and (|5.20|) are the singularity conditions of an elhptic curve 

defined by 

= x^ + ax^ + bx + c, (5.22) 

with 

A3 a 

a = -M, b = — Pfm, c = , (5.23) 

4 ' 16' ^ ^ 

where 

" = ^ det A = — det A. (5.24) 
Solving M in eq. ( p.20| ), and eliminating M in eq. ( p. 191 ) we find 

x^ -bx-2c = 0, (5.25) 

and 

3 h 

M = -x + -x'\ (5.26) 

2 2' ^ ^ 

Therefore, we find that Wi^i (^) has three (branches of) vacua, namely, the 

three solutions for M{x) in terms of the three solutions of the cubic equation 

for X ( p.25| ) - the singularities of the elliptic curve ( |5.22| ), ( |5.23D - and the 

solutions for X and Z, given by the other equations of motion; explicitly, 

X = -^mY\-\ Z = -^mY^X-\ (5.27) 
V2 4^2 ^ ^ 

where Y is solved in terms of its invariants ^2, given in eq. (|5.11|) , up to an 
SU{2Nf) = SU{2) rotation, which is determined by the by eq. (|5T 
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These three vacua are the vacua of the theory in the Higgs-confinement 
phase. The phase transition points to the Coulomb branch are at X = 0. 
This happens iff the triplet superfield is massless, namely 



X = 0^m = 0. 



(5.28) 



The coefficients a, b, c of the ellipic curve and, in particular, its singularities, 
are independent of the value of X (namely, m)0 and, therefore, we conclude 
that the elliptic curve (|5.22| ), ( ^.23|) defines the effective Abelian coupling, 
r(M, m. A, A), in the Coulomb branch.|^ 

Equation (|5.23| ) generalizes ^ the results of ref. to arbitrary bare 
masses and Yukawa couplings. Indeed, in the N = 2 supersymmetric case 
(namely, when det A = 1), the result ( |5.23|) coincides with the one obtained 
in ref. M. 



Finally, we should note that in eq. ( |5.21|) we have identified a physical 
meaning of the parameter x: it is the composite field r/2, where F is defined 
in eq. (153 



6 SU{2) with Na = 1, Nf = 2 (bi = 2) 

A supersymmetric SU (2) gauge theory with one triplet and two flavors has 
a superpotential ( [4.6| ): 

1^2,1 = -2A-^(PfX)^/^F + mM + -TrmX + ^TrAZ. (6.1) 

2 y 2 

Here m and X are antisymmetric 4x4 matrices, and A and Z are symmetric 
4x4 matrices and 

T = M + Ti{ZX-y. (6.2) 

As in section 5, we now want to find the vacua of the theory, namely, we 
should solve the equations of motion 6W2,i/SM = 6W2,i/6X = 6W2,i/SZ = 

^ Note that X = ^ det Z = in a way such that x is finite. 

^°Note that the singularities of an elUptic curve, and its behavior in asymptotic Umits 
define it uniquely. 
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0, which read: 

m = 2A-\PfXf^, (6.3) 
m = R-\X-^ ~8T'^X-\ZX~^)'^), (6.4) 

-^A = 4R-^T-^X-^ZX-\ (6.5) 

where 

R-^ = A-\PfXY/^r. (6.6) 
Combining eqs. (|6.4|) and ( |6.5|) we get 

Xm + V2ZX = R-^I, (6.7) 

where / is the 4x4 identity matrix. Equation (|6.5| ) gives 



-^zx = ii^^(XA)^ (6.8) 



and using (|6.8|), eq. ( |6.7| ) reads: 

Y^ + Yu = 2TI, (6.9) 

where 

z/ = ^A-^m, Y = ^RTX\ = 4:ZX-\ T = M + — TrFl (6.10) 
v2 v2 16 



Equation (|6.9| ) imphes, in particular, 

[Y,u] = 0, (6.11) 

and from ( |6.1(J| ), ( |6.6| ) we get 



C2 = -^TrF^ = 8(M-r), C4 = det F = ^A^ det A, TiY = TiY^ = 0, 

(6.12) 

thus the characteristic polynomial of Y is 

+ (2^"' + C4/ = 0. (6.13) 
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Using eqs. (|6.9|), ( |6.11| ) to eliminate in ( |6.13| ), we get 



+ C2)Y^ - ^TuY + (41^ + C4)/ = 0. (6.14) 
Now, using eqs. (|6.9|) , (|6.11|) and ( |6.14|) to eliminate Y, we get 



+ (4r2c2 + 8rc4 + (2(4)1^' + (4r2 + 21(2 + C4)'/ = 0. (6.15) 

The characteristic polynomial of u is 

i''^ + a2v'^ + a^l = 0, ^4 = det v, 0^2 = — -Trz/^, Trz/ = Trz/^ = 0, 

(6.16) 



and with ( |6.15| ) and ( |6.12| ) we obtain 



a2C4 = 41^2 + 8rC4 + C2C4 = 8(M - r)(4r^ + C4) + 8rC4, (6.17) 

and 

(04(4)'/' = 4r' + 2rc2 + C4 = i6r(M - r) + 41^ + (4. (6.18) 

From eqs. (|6.17|) , (|6.18|) we find 

- Mx' + (^1^1^!!^^ _ _L(«, - 8M)C4 = 0, (6.19) 

and 

_ 2Ma: + ^"^^^^'f ~ = 0, (6.20) 
16 

where 

X ^ -r. (6.21) 

Equations ( p.l9| ) and ( |6.2U| ) are the singularity conditions of an elliptic curve 
defined by 

y"^ = x^ + ax^ + 6a; + c, (6.22) 

with 

a 

a = -M, b = \ Pfm, 

4 4 

c = ^(2M + Tr(/i2)), (6.23) 
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where 



a = det A 



)2iV 



16 



det A, 



A" 



m. 



(6.24) 



Here we used the exphcit expressions for ^4, a^, 0^2 in terms of A, A, m (see 
eqs. iH), (TO). 

Solving M in eq. ( |6.20 ), and ehminating M in eq. ( |6.19 ) we find 



-a ]x 
4 



-Tr(/i2)x+ — = 0, 



and 



M = -X + -X \ 
2 2 



(6.25) 



(6.26) 



Therefore, we find that 1^2,1 (|6.1| ) has four (branches of) vacua, namely, the 
four solutions for M[x) in terms of the four solutions of the quartic equation 
for X ( |6.25| ) - the singularities of the elliptic curve ( |6.22| ), ( |6.23| ) - and the 
solutions for X and Z, given by the other equations of motion; explicitly. 



X 



-vnYX 



(6.27) 



V2 ' 4^2 

where Y is solved in terms of its invariants ^2, C4) given in eq. ( |6.12| ), up to 
an SU{2Nf) = S't/(4) rotation, which is determined by eq. (|6.9| ). 

These four vacua are the vacua of the theory in the Higgs-confinement 
phase. The phase transition points to the Coulomb branch are at X = 

0. This may happen if the triplet superfield is massless, namely, m = 0. 
The coefficients a, b, c of the ellipic curve and, in particular, its singularities, 
are independent of the value of X (namely, m) and, therefore, we conclude 
that the elliptic curve (|6.22| ), ( |6.23|) defines the effective Abelian coupling, 
r(M, m. A, A), in the Coulomb branch. 

Equation (|6.23|) generalizes the result of ref. ^ to arbitrary bare masses 
and Yukawa couplings. Indeed, in the N = 2 supersymmetric case (namely, 
when A = diag(Ai, A2), where Ai, A2 are 2x2 matrices with det Ai = det A2 = 

1, and m = diag(mie, m2e), where e is the standard 2x2 constant antisym- 
metric matrix), the result ( |6.23| ) coincides with the one obtained in ref. [Q. 

Finally, as in the Nf = 1 case, we should note that in eq. ( |6.21| ) we have 
identified a physical meaning of the parameter x. 
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7 SU{2) with Na = 1, Nf = 3 (61 = 1) 



A super symmetric SU (2) gauge theory with one triplet and three flavors has 
a superpotential ( [4 .61) : 



Ws^i = -3A"^/^(PfX)^/3r2/3 + mM+ -TrmX + ^TrAZ. (7.1) 

2 ■\/2 

Here m and X are antisymmetric 6x6 matrices, and A and Z are symmetric 
6x6 matrices and 

T = M + Tr{ZX-^y. (7.2) 

As in sections 5 and 6, we now want to find the vacua of the theory, 
namely, we should solve the equations of motion SW^^i/SM = 6W3^i/6X = 
6W3^i/6Z = 0, which read: 

m = 2A-i/3(pfjj^)i/3p-i/3^ 



1 

72 



lT-^X-\ZX~^f) 
A = AR-^T-^X-^ZX-\ 



where 



i?-l=A-l/3(pfX)l/3r2/3_ 

Combining eqs. ( |7.4| ) and ( [7.5| ) we get 

Xm + V2ZX = R'^I, 



where / is the 6x6 identity matrix. Equation (|7. 5| ) gives 

-^ZX = -i?^(XA)^ 
V2 8 ^ ^ ' 

and using ( |7.8| ), eq. ( |7.7| ) reads: 

Y^ + Yi^ = 2TI, 

where 



(7.3) 
(7.4) 
(7.5) 

(7.6) 
(7.7) 

(7.8) 
(7.9) 



4 1 
u = -^X-^m, Y = -^RTXX = 4:ZX~\ 
V 2 V 2 



1 



r = m+—TtY\ (7.10) 

16 
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and ( [7.9| ) implies, in particular, 

[r,z/] = o. (7.11) 

From eqs. (|7.10|) , (|7l6| ) we get 

C2 = -^Trr^ = 8(M - r), C4 = ^(2' - ^TrF^ 

Ce = det F = ^F^A^ det A, TiY = TiY^ = TiY^ = 0, (7.12) 
8 

determining the characteristic polynomial of Y as 

Y^ + C2Y^ + CiY^ + CgI = 0. (7.13) 
Using eqs. (|7.9|), ( |7. 1 1| ) to eliminate Y"^ and in ( [7. 13] ), we get 

[u^ + iC^ + iVy + Ci + 4T^]Y^ - [4rz/3 + z/(8r2 + 4C2r)]F 

+ [Ce + 4C2r2 + 4rV2]/ = 0. 

(7.14) 

Now, using eqs. (|7.9| ), (|7.11|) and ( [7. 14|) to eliminate F, we get 

Ceiy' + (41^(4 + i2rC6 + C2C6)^' 

+ (161^(2 + 3213(4 + 41^(2(4 + ser^Ce + 8rc2C6 + U^y 

+ (8r=^ + 41^(2 + 2rC4 + Ce)'/ = 0. (7.15) 
The characteristic polynomial of u is 

z/^ + a2i^^ + OLiy + a^l = 0, ^2 = "2'^^'^^' '^^ ~ 2*^^ ~ 4'^^'^'^' 

as = det I/, Trz/ = Trz/^ = Tri/^ = 0, (7.16) 

and with (|7.15| ) and ( [7.12|) we obtain 

«2C6 = 41^(4 + 12rC6 + C2C6 = 4r2C4 + 4(2M + r)C6, (7.17) 

a4C6 = 161^2 + 321^(4 + 41^(2(4 + 36r2C6 + 8rC2C6 + C4C6 

= 8(M - r)(i6r^ + 41^(4 + 8rc6) + 32r3c4 + 36r2Cg + (4(5, 

(7.18) 
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and 



\l/2 



8r^+4r\2 + 2rc4+C6 = 8r3 + 32r2(M-r) + 2rc4 + C6- (7.i9) 



Eliminating (4 from eqs. ( [TTTI) , ( |7T^ , (|7[T^), and shifting M ^ M - 
Is? det A/256 we find 

+ ax^ + 6a; + c = 0, (7.20) 



and 



Here 



and 



3a;2 + 2ax + 6 = 0. 



1.. A' , > 

X = -F H det A, 

2 128 



a 
h 



-M - a 

2aM 



|Tr(/i2) + ^Pfm, 



-( - 8M^ - 4MTr(^2) - [Ti{fi^)]'^ + 2Tr(^^ 



where 



det A 



det A, 



/i 



A ^m. 



(7.21) 
(7.22) 



(7.23) 



(7.24) 



Here we used the exphcit expressions for (q, a^, 04, 0^2 in terms of A, A, m (see 
eqs. ( rriDI) , ( [TT^ , (TTT^)). Equations ( [T^ and (fT^ ) are the singularity 
conditions of an elliptic curve defined by 



= X + ax + bx + c, 
with coefficients a, b, c given in eqs. (|7.23|) , (|7.24|) . 



(7.25) 



Solving M in eq. ( [7.21| ), and eliminating M in eq. ( [7.20|) one finds a 
degree 5 polynomial equation in x, p^i^x) = 0, and an equation for M(x). 
Therefore, we find that W^^i ( [7.1|) has five (branches of) vacua, namely, the 
five solutions for M{x) in terms of the five solutions of the fifth order equation 
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for X - the singularities of the elhptic curve ( |7.25| ) , ( |7.23| ) - and the solutions 
for X and Z, given by the other equations of motion; explicitly, 

X = -^mY\-\ Z = -^mY^X-\ (7.26) 
V2 4^2 

where Y is solved in terms of its invariants (2, C4) Ce, given in eq. ( |7.12| ) (to 
find C4 we use eq. ( [7.17D ), up to an SU{2Nf) = SU{6) rotation, determined 
byeq. (p|). 

These five vacua are the vacua of the theory in the Higgs-confinement 
phase. The phase transition points to the Coulomb branch are at X = 
0. This may happen if the triplet superfield is massless, namely, m = 0. 
The coefficients a, b, c of the ellipic curve and, in particular, its singularities, 
are independent of the value of X (namely, m) and, therefore, we conclude 
that the elliptic curve (|7.25| ), ( [7.23|) defines the effective Abelian coupling, 



r(M, m. A, A), in the Coulomb branch. 

Equation (|7.23|) generalizes the result of ref. to arbitrary bare masses 
and Yukawa couplings. Indeed, in the N = 2 supersymmetric case (namely, 
when A = diag(Ai, A2, A3), where Ai, A2, A3 are 2x2 matrices with det Ai = 
det A2 = det A3 = 1, and m = diag(mie, m2e, 77136), where e is the standard 
2x2 constant antisymmetric matrix), the result ( [7.23| ) coincides with the 
one obtained in ref. [§]. 

Finally, as before, we should note that in eq. ( [7. 221 ) we have identified a 
physical meaning of the parameter x. Unlike the Nf = 1 and Nf = 2 cases, 
for Nf = 3, X is identified with r/2 only up to a shift by a/2, where F and 
a are given in eqs. ( [7.2[ ) and (|7.24|) , respectively. 



8 SU{2) with Na = 1, Nf = A (bi = 0) 

A supersymmetric SU{2) gauge theory with one triplet and four fiavors has a 
vanishing one-loop beta-function and, therefore, will possess extra structure. 
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It has a superpotential (|4.6|): |^ 

1^4,1 = -4A-''^/^(PfX)i/^ri/2 ^ ^ -TimX + ^Tr AZ. (8.1) 

2 a/2 

Here m and X are antisymmetric 8x8 matrices, and A and Z are symmetric 
8x8 matrices and 

r = M + Tr(ZX-^)l (8.2) 

As in sections 5, 6 and 7, we now want to find the vacua of the theory, 
namely, we should solve the equations of motion 6W4^i/6M = 6W4^i/6X = 
SW4^i/6Z = 0, which read: 



m 



2A-''i/4(pfx)V4r-V2^ (8.3) 



m = R'\X-^ -8T-^X-'{ZX-y), (8.4) 
^A = 4R-^T^^X-^ZX-\ (8.5) 



where 



^-1 _ A-''i/4(pfx)V4ri/2_ (8 6) 
Combining eqs. ( |8.4D and ( ^.51 ) we get 

Xm + V2ZX = R-^I, (8.7) 
where / is the 8x8 identity matrix. Equation ( |8.5| ) gives 

^zx = ^i^^(XA)^ (8.8) 

and using ( |8.8| ), eq. ( |8.7| ) reads: 

Y^ + Yi^ = 2r/, (8.9) 



bi — and, as noted before, "A ^" in (B.l) should be replaced by a functfon of 
To = ^ + ^ (the non-Abelian gauge coupling constant) and det A; the issue is addressed 

in this section. 
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where 



V2 V2 



Again, eq. implies, in particular, 

[Y,u] = 0, 



r = M + — TrF^. (8.10) 
16 ^ ^ 



(8.11) 



and eqs. (|8T0D , M imply 
1, 



C2 



-TiY' = 8(M - r) 



1 

3' 



-TtY^ 
6 



C4 - ^Cl - \TrY\ 

Cs = det r = — r^A^^i det A = 16r^a(ro), 
16 



TrF = TiY-^ = TtY^ = TtY' 



0, 



(8.12) 



Here we replaced A''^ with a function of A and the non-Abelian gauge cou- 
pling. To, in a way consistent with the global symmetries: 



A'' = 16a(ro)'/'(detA) 



-1/2 



(8.13) 



where Q;(ro) will be determined later. Equation ( |8.12| ) implies that the char- 
acteristic polynomial of Y is 

Y^ + C2Y^ + C^Y" + CqY^ + Csl = 0. (8.14) 

Using eqs. (|8^ ), (|8.11| ) to ehminate Y^, Y^ and Y^ in (|8.14|) , we get 

[u' + (8r + + (ler^ + 4rc2 + C^y + ^t\2 + Ce]^^' 
- [ATu^ + (24r2 + 4rc2)z^^ + (32r3 + 8r2c2 + 4rc4)z/]F 
+ [4rV^ + (i6r3 + 4r2c2)'^^ + i6r^ + 4r=^C4 + C8]/ = o. (8. is) 



(det A) ^/■^ has the correct quantum numbers needed for the matching condition, 
16a^/^(det A)^^/^m^ — A^^^4^^^q, where a(To) is dimcnsionless, and has zero U{1)r x 
U{1)q X [/(!)$ quantum numbers. 
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Now, using eqs. ( ^.9| ), ( |8.11| ) and ( ^.15| ) to eliminate Y, we get 

(su' + (4r2c6 + i6rc8 + C2C8)^^' 

+ (161^4 + 48r3c6 + sor^Cs + at\2C6 + 121(2(3 + (4(8)^^' 

+ {64T% + 1281^(4 + 144r^C6 + 161^(2(4 + 1281=^(8 + 321=^(2(6 

+ (ler^ + 81=^(2 + 41^(4 + 2rc6 + C8)'/ = 0. (8.16) 

The characteristic polynomial of u is 



Trz/ = Tri/^ = Trz/^ = Tri/^ = 0, 

(8.17) 

and with ( |8.16| ) and ( ^.12| ) we obtain 

«2C8 = 4r2c6 + i6rc8 + C2C8, (8.18) 
a4C8 = i6r^C4 + 48r=^C6 + sor^Cs + 41^(2(6 + 121(2(8 + C4C8, (8.19) 

aeCs = 641^(2 + 128r5C4 + l^^^X^ + 16r4C2C4 + 128r3C8 

+ 321^(2(6 + 361^(2(8 + 4r\4C6 + 8rC4C8 + C6C8, (8.20) 

and 

(«8C8)'/' = ler^ + 81^(2 + 41^(4 + 2rc6 + (8- (8.21) 

Inserting in ( ^.18D -( P?^TD the explicit expressions of ^8 and ag in eqs. ( ^.12| ) 
and ( |8.17[ ), respectively, then eliminating (g and (4, and after some algebra 
we find 

256(a - ifV^ + 64(a - l)[8Af(a + 1) - 020]!^ 
+ 16[(a + l)A^ipfm - 4a(a4 + 8M{8M - a2))]T 

+ 16[a2a + 8M(1 - a)] \ . ~":,, A''^Pfm + '^}^\]} [a^ + 8M(8M - 02)] 

'-(a — 1)^ [a — 1)^ 

+ < + l)A'"Pfm - 4a(a4 + 8M(8M - 02))] - leaga = 0, (8.22) 

[a — vy 
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and 



768(a - 1)^T^ + 128(a - l)[8M(a + 1) - a2a]T 
+ 16(a + l)A^iPfm-64a[a4 + 8M(8M-a2)] = 0. (8.23) 



Shifting and rescaling M: M ^ (3"^ M 
be determined, we find that (|8.22|) and ( ^.231) become 

+ ax^ + bx + c = 



|2^|3YjTr/i2j , were /3 = (3{to) is to 
3ome 

(8.24) 



and 
Here 

and 



3x^ + 2ax + b = 0. 



X 



1 



r 



4a 



1 fg^+l 

?2l a-1 



M + 



(a-iy 



a 



rTr/i^ 



(8.25) 
(8.26) 



/52 (« - 1) 



rTr(K 



(a-1) 



32a(a + 1) 
^ (a - 1)3 



(« - 1)2 



(Tr(/x^))^ - 2Tr(/ 



+ 



MTr(/i2) 

4 (a + l)A''i 
(a -1)2 



Pfm}, 



/3' 
+ M 



a(a + 1) 



(a -1)3 
16 a{a + 1) 



32a(a + 1)^ 
[a- 1)4 



M2Tr(^2 



/54 (a - 1) 



^((Tr(^^))^-2Tr(/)) + S^Pfm 



(a - ly 



32 a 



Tr(/i2)Tr(/i4)-l(Tr(/i2))3-^Tr(^6)]}. 



4. 



(8.27) 



Equations ( |8.24| ) and ( p.25| ) are the singularity conditions of an eUiptic 
curve defined by 

= x^ + ax^ + 6x + c, (8.28) 

with coefficients a, 6, c given in eqs. ( ^.27[) . The singularity condition for the 
elliptic curve is equivalent to the vanishing condition of the discriminant: 



A = 4a3c - a%'^ - ISabc + 46^ + 27c^ 



0, 



(8.29) 
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and, moreover, from eqs. ( ^.241 ), ( p.25| ) we can get 

ab-9c 

A(M) is a polynomial in M of degree 6 and, therefore, there are six (branches 
of) vacua (x = x{M) is given by eq. (|8.3CI|) , and the solutions for X and Z 



are given by the other equations of motion, as was done in sections 5,6,7 for 
Nf < 4). These are the vacua of the theory in the Higgs/confinement phase. 
The phase transition points to the Coulomb branch are at X = 0. This may 
happen if the triplet superfield is massless, namely, m = 0. The coefficients 
a, b, c of the ellipic curve and, in particular, its singularities, are independent 
of the value of X (namely, rh) and, therefore, we conclude that the elliptic 
curve ( |8.28| ), ( |8.27| ) defines the effective Abelian coupling, r(M, m, A,A), in 



the Coulomb branch. 

We should now determine a and (3. They are functions of tq, the non- 
Abelian gauge coupling constant; comparison with ref. gives 



where 



"(ro)-^detA=^^j . ,3(r„) = ^. (8.31) 



^iW-EC-ire'™"'. SsW = E T„ = ^ + ?^i. (8.32) 



Equation (|8.27|) generalizes the result of ref. p to arbitrary bare masses and 
Yukawa couplings. As in the other cases, all the symmetries and quantum 
numbers of the various parameters, as used in 0, §, are already embodied 
in the superpotential W4^i of eq. (|8.1| ). 

The 5'-duality symmetry is valid in the Na = 1, Nf = 4 theories for 
arbitrary A, m, similar to the SL{2, Z) invariance in the presence of masses 



13 



To compare eq. ( ^.27 ) with the N = 2 supersymmetric case in ref. |^ we need to take 



m = diag(mie, 77126, mse, m4e) and A = diag(Ai, A2, A3, A4), where A/, / — 1,2,3,4, are 
2x 2 matrices with det( A/) = 1. In this case, Tr(^2) = -2X;Li"^/' (Tr(Ai^))^ -2Tr(/i4) = 
8Ez<jm>2, Tr(M2)Tr(^4) _ i(Tr(^2))3 _ 4Tr(^6) ^ S^j^j^^ mjm]m%. 
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discussed in ref. 0. The SL{2, Z) transformations map tq to (aro + &)(cro + 
d)~^, a, b, c, d E Z , ad — be = 1 |T^. Combined with triahty (which acts on 
/i), it leaves the elhptic curve invariant. 

Finally, we should note again that in eq. (^.26|) we have identified a 
physical meaning of the parameter x. Unlike the Nf < 4 cases, for Nf = 4, x 
is identified with T only up to a shift by a /^-dependent and a ro-dependent 
function (which vanish at m = 0), and a rescaling by a ro-dependent function. 



9 SU{2) with Na = 2, Nf = l {bi = 1) 

The = 1 supersymmetric SU{2) gauge theory with two triplets (A^^ = 2, 
Nf = 0) was discussed in section 4. In this section, we consider a supersym- 
metric SU{2) gauge theory with two triplets and one fiavor. The superpo- 
tential is 




(9.1) 

Here m and X are antisymmetric 2x2 matrices. A" and Za are symmetric 
2x2 matrices, a = 1, 2, m, M are 2x2 symmetric matrices and 

Tap = M^p + Tr(Z,X-iZ^X-i). (9.2) 

We now want to find the vacua of the theory, namely, we should solve the 
equations of motion 5Wi^2l ^Map = 6Wi^2/SX = 6Wi^2/SZa = 0. The proce- 
dure is similar to the A^^ = Nf = 1 case, with the additional complication 
induced by the matrix structure of F; the equations of motion read: 

m^p = 2R~\r-'r^, (9.3) 

m = R-\X'^ - SiV'^y^X-^Z^X-^ZpX'^), (9.4) 

= AR^^{T~^Y^X-^ZpX-^, (9.5) 

where 

= A-i/3(pfx)i/3((iet F)2/3. (9.6) 
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Combining eqs. ( |9.4| ) and ( p.5| ) we get 

Xm + V2Z^X' = R-^I, (9.7) 

where / is the 2x2 identity matrix. 

Inserting ( ^75|) in (|9^ ), and using X = ePfX, where e is the standard 
antisymmetric 2x2 matrix, we obtain 

M = r-{?^yrsr, (9.8) 

where 

_ -Tr(eA"eA^). (9.9) 



Using eq. ( p.3| ) we find 

'i?2pfX detrx2 



where 



1../, /i?'PfXdetrx2 . 
M,/3 = -i?(det r)/i„^ - ( ) So^p, (9.10) 

/ill = m22, /i22="^ll, Atl2 = At21 = -"^12, (9.11) 



and 



^11 = S^^ml2 + S'^'^ml2 — 2S'"'^^mi2m22, 



<S'l2 = -S'^^mi2m22 - 5'^^mi2mii + 5*^^(7711177122 + "212), 

S22 = S^^iT^u + •S'^^m^;^ — 2S'"'^^rni2mii = — det(mi2A"'^ — mnA^). 

(9.12) 



From eqs. (g^), (gj) we get 

^R\FfXfr^pS"'^ = 1 - RPi{mX), (9.13) 

and using eq. ( p.3| ) we obtain 

-i?3(pfx)2(detr)^22 + -R{PfXyS^^ = mu[l - RPi{mX)]. (9.14) 
8 2 
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Using eq. (p.6|), and after some algebra, eqs. ( |9.1CI| ) and ( p.l4| ) read: 
Mn 

Mi2 



1^,, T.N~ /i?2pfXdetrN2. 
-i?(detr)m22 - [ j Sii, 



, . /i?2pfXdetrN2. 
■-i?(detr)mi2 - j 5i2, 



(9.15) 



- M22x'^ + — Am?, (Pfm)a; 
16 



+ (^)'^22-^A'm?idetmdetAi = 0, (9.16) 
3x^ - 2M22X + ^Aml.Pfm - f-^A^m? ^ 1 = 0, (9.17) 



where 



X ^ ii?(det r)mn = ^^^^i^et 1)^1 (9.I8) 

The solutions of eqs. ( |9.15D , ( |9.16| ) and ( |9.17] ) determine the vacua of the 
theory; there are three (branches of) vacua. (Integrating out the doublets, 
namely, taking m 00 keeping APfm fixed, one is left with two vacua). 
We now want to consider the phase transition points from the confinement 
branch to the Coulomb branch. This happens at vacua where (det M) = 0, 
namely, when det m = 0. Explicitly, without loss of generality, we study the 
case when the triplet $2 is massless: 

^22 = mi2 = 0, (9.19) 

so inserting (|9.19| ) in eq. ( |9.15| ) implies 

Mil = M12 = ^ det M = 0. (9.20) 

Inserting ( |9.19|) in eqs. (|9.16|) and ( p.l7| ) turn them into 

x^ + ax'^ + bx + c = 0, (9.21) 

and 

+ 2ax + 6 = 0, (9.22) 
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respectively, with 

a = -M22, 6=^Pfm, c = -(^)' det (9.23) 

These are now the singularity equations of an elliptic curve 

y"^ = x^ + ax^ + bx + c. (9.24) 

This curve defines the effective Abelian coupling in the Coulomb branch. 

We should note that when m = and fhu (or det A^ 0), the 
three singularities of the elliptic curve degenerate; when m 7^ and fhu — *■ 
0, two out of the three singularities degenerate. This leads to a vacuum 
where mutually non-local degrees of freedom are massless, similar to the 
situation in pure N = 2 supersymmetric SU (3) gauge theories, considered in 
[|]. Such a point might be interpreted as a non- Abelian Coulomb phase 



(Integrating out the doublets, namely, taking m — > cxd keeping APfm fixed, 
a similar phenomenon happens for the two vacua of the Na = 2, Nf = 
theory: they collapse into a single vacuum where a monopole and a dyon are 
mutually massless fl^). 



The reduction from Na = 2 to Na = 1 is obtained by the matching 

A^ = ^Arhl,. (9.25) 



Equation (|9.23| ) becomes: 



A3 a6 

a = -M22, b = -^Ffm, c = ^ det A^. (9.26) 

4 64 

This result is exactly the one obtained in the A^^ = Nf = 1 case in eq. ( p.23| ) 
(with M22 replacing M, A^ replacing A and A^ replacing A). 

Finally, we should remark that, unlike the Na = 1 cases, eqs. (|9.16| ), 



( p.lTp are not the singularity conditions of an elliptic curve, in general. How- 
ever, as mentioned before, they do become the singularity conditions of an 
elliptic curve when detm = (as expected, physically, in a Coulomb phase), 
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or when det = or when det = 0.0 Moreover, in eq. ( p.l8| ) we have 
identified a physical meaning of the parameter x. 

10 SU(2) with Na = Nf = 2 {bi = 0) and other 
61 = theories revisited 

So far, the (massless) cases with 61 = we have studied {Na_ = 3,Nf = 
in section 4, and A^^ = 1, Nf = 4 in section 8) were interacting confor- 
mal theories in the infra-red; the Yukawa couphngs would fiow to values 
where the supersymmetry is enhanced (A^ = 4, and N = 2 with four fiavors, 
respectively), and these theories have an infra-red fixed line of marginal de- 
formations. However, it is possible that a 5i = theory fiows to a free theory 
in an infra-red fixed point. In this section, we consider this issue following 
ref. |Tl[] and, in particular, we argue that the Na = Nf = 2 case is a free 



theory in the infra-red. 

We start by considering an = 1 supersymmetric gauge theory with 
a simple gauge group, G, and a gauge coupling, g, and with a tree-level 
superpotential 

Wtree = Mlh - ■ -(Pn, (10.1) 

where the superfield (pi is in the representation Ri of G. The beta-functions 
are fTg 

/^A = ^ = A(/.) ( - 3 + E d{<j>,) + l± 7(0.)) (10.2) 

(y'^^f^ k=i ^ fc=i 

(^9^J^ = ~f{9{f^)){mG) - E S{R.)] + E S{R^h{<P^)) . (10.3) 

' i i 

Here / is a function of g, d{(j)i) is the naive dimension of (pi, 'y{(pi) is the 
anomalous dimension of (pi, G{G) is the quadratic Casimir of the adjoint 



Equations ( 9.16| ), ( |9.17 ) can be reorganized in such a way that they become, man- 



ifestly, the singularity conditions of an elliptic curve also when det = 0; equivalently, 
one can use the 1^2 symmetry to interchange 1 and 2 indices. 
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representation of G: fcdf^'^'^ = C{G)5°'^, and S{Ri) is the Dynkin index of 
the representation Ri: TrR(T"T^) = 3C(G) - EiS{R^) = h. 

Consider G = SU{2) with A^^ 7^ triplets and Nj doublets such that 
bi = 0, namely, {NjjNa) = (0,3), (2,2) or (4, 1), and with a superpotential 
of the schematic form: 

Wtree = X^QQ, (10.4) 

where $ is a triplet and Q is a doublet (triplet) if A^^ 7^ 3 {Na = 3). 
(The superpotential includes several terms of this form if 7^ 3). This is 
the massless case and, moreover, the operators in W are marginal, namely, 
Y^l=i d{(f)k) = rf($) + '2d{Q) = 3. Therefore, for any Yukawa coupling of the 
form ( p,0.4| ) the beta-function ( |10.2[ ) reads: 



/?A = ^A[7(<f) + 27(g)]. (10.5) 

The gauge-coupling beta-function depends on the numbers A^^, Nj; we con- 
sider the 61 = cases and, therefore, eq. ( |10.3| ) reads: 

= -fig)[2NAim + NniQ)]- (10.6) 
We now consider case by case: 

• Na = 3, Nf = 0: Q and $ are triplets and, therefore, 'j{Q) = li^), 
which implies: /5g ~ /?a ~ 7(^)- Thus we get one equation in two 
variables, so it has a fixed line of solutions: the space of iV = 4, SU{2) 
theories (with different gauge couplings). 

m Na = I, Nf = 4: (3g ^ (3)^ ^ 7($) + 2-f{Q). Therefore, we get one 
equation in two variables, so it has a fixed line of solutions: the space 
of iV = 2, SU{2) theories with four flavors (with different gauge cou- 
plings). 

. Na = Nf = 2: Pg r-. 27($) + 7(Q), /3a ~ 7('^) + 27(Q). Therefore, 
we get two equations in two variables, and we expect a discrete set of 
fixed points. 
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In all cases, g = X = solves the equations and, for the Na = Nj = 2 
theory, no other solutions exists in a small enough neighborhood of this point. 
The sign of f3g is such that it flows towards g —>■ in the infra-red. Therefore, 
we argue that the Na = Nf = 2, SU{2) theory is infra-red free,0 and there 
is not much more to say about it. 



11 SU{Nc) with Na = 1, Nf = (61 = 2Nc) 

In the following sections we discuss SU{Nc) {N^ > 2) with A^^ matter su- 
permultiplets in the adjoint representation, and Nf flavors {Nf fundamentals 
and Nf anti- fundamentals). We begin in this section by integrating in a sin- 
gle adjoint matter {Na = 1) to pure = 1 supersymmetric SU{Nc) gauge 
theory. 

The down theory has a nonperturbative superpotential (due to gluino 
condensation): 

^^^(pure N=l, SU{N,)) = iV,(A^'')i/^% (11.1) 

where bi^d = 3Nc is minus the one-loop coefficient of the gauge coupling 
beta-function of the down theory. We now want to integrate in a single 
supermultiplet in the adjoint representation, <I>°'', a,b = l,...,Nc, Tr$ = 0. 
The relevant gauge singlets, Uk, are the Nc — 1 Casimirs of SU{Nc): 

[/fc = Tr$^ fc = 2,...,Ar„ (11.2) 

and, therefore, 

Wtree = ^kUk Wtree,d = ^ mfcTr^'^j^^). (11.3) 

k=2 k=2 

Extremizing Wtree with respect to one should recall that $ is traceless 
and, therefore, dUk/d^""^ = fc($'=-^)''" - {k/Nc)Uk-i5ab. From ( ITOD we see 



that Wtree d IS uot uuique, but a set of solutions to polynomial equations 



A related fact is that (unlike the Na — 1, Nf — 4 case) it is impossible to construct 
the matching "A''^" — Q!(ro)/(A") in a way that respects the global symmetries. 
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in Uk, corresponding to different classical vacua and, therefore, there could 
be several branches. We will argue that a physical branch is found when 

Wtree,d = 0.Q 

Let us define the rescaled fields, (p, with (0,0) f/(l)$ x quantum 
numbers 

ruN, 



:ii.4) 



and the Nc — 2 parameters, tk, with (0, 0) f/(l)$ x f/(l)_R quantum numbers 



ti = A- 



m 



Nc-l-k 



tk = mk ""^^^ , = 2,...,Ar^-2, 



m 



Nc-k ' 
Nc-1 



:ii.5) 



where A is the dynamically generated scale of the up theory. We find that 
the Nc — 3 parameters t2, t7Vc-2 are involved in the minimization of Wtree- 

Nc-2 



Wtree4 = r[ E ^fcTr(^^ + Tryp^^-^ + Tr(^^= 



k=2 



'Tftree,dit2, tNc-2), 



where the parameter r has (0,2) f/(l)$ x f/(l)_R quantum numbers 



m 



,Nc 
Nc-1 



m 



,Nc-l- 

Nc 



:ii.6) 



:ii.7) 



The up theory has a nonperturbative superpotential 

W,{Uk) = [W, + Wtree4 + WA-Wtree]im,) 

Nc 



(11.8) 

k=2 ■' 

where bi = 2Nc, and 

t={t,,...,tNc-2), f it) = ftreeAt2, tiV.-2) + ^(t). (11-9) 

It is possible that the other solutions also lead to physical branches - associated with 
other classical vacua, and maybe with vacua such as those discussed in - whose Wtree,d 
and Wa vanish when ruk — *■ oo for fc ^ 2; it is plausible that such branches involve these 
nik, with k > 2, also in the matching conditions, in addition to m2 [pO[. 



In eq. (11. S) we wrote (^^^^^y/^c instead of A^, to keep the Nc possibilities cor- 
responding to the TVc-roots of the identity: (A2^-)VJVc ^ 6%^A'^, i = 0, l,...,iVc - 1, 
9N,=exp{2TTi/Nc). 
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In eq. ( |11.8| ) we used the x U{1)r global symmetries to write 



WA=TUit), (11.10) 

and we used the matching 




(11.11) 



where recall that bi^d = SA^^c and bi = = 2Nc. 

Unlike the SU (2) case, when > 2 the limits A — and m2 oo are 
not enough to impose Wa = 0. However, it is shown in the Appendix that 
imposing in addition the condition to have a physical branch with a discrete 
number of vacua implies that on such a branch Wtree,d = 0, and Wa = 0. 
This implies that Wu = with the constraint: 

U, = (A^^^VA^c ^ 0n^^2^ n = 0, 1, .., - 1, = e^, 

Uk = 0, k = 3,...,N,. (11.12) 

These correspond to the ^^SU{Nc) vacua" which transform to each other 
under a Z^^ transformation acting on the moduli space. 



12 SU{Nc) with Na = 0, Nc > Nf (bi = 

3iVc - Nf) 

The nonperturbative superpotential, Wnj^^, of N = 1 supersymmetric SU{Nc) 
gauge theory with > 2 and Nf < flavors (when Nf > N^ there are also 
baryons in the theory), can be constructed |T^, |13| just by the use of holo- 
morphy and symmetries, or by integrating in Nf flavors to the pure = 1 
supersymmetric SU{Nc) gauge theory with superpotential ( |11.1| ). This is 



done similarly to what we described for SU{2) in section 3; here we only 
present the result. 

The Nf flavors are Nf matter supermultiplets in the fundamental rep- 
resentation, Q^, and Nf supermultiplets in the anti-fundamental, Ql^, a = 
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1, ...,Nc, i,i = 1, ...,Nf. The relevant gauge singlets, X*, are given in terms 
of Q, Q by 

Xl = QtQi- (12.1) 

The superpotential reads 

3Nc-Nj, J 

WNffiiX) = {N^ - Nf)A^^^{detX)^^7^ + Tr^v^mX. (12.2) 



13 SU{Nc) with NA = Nf = l {bi = 2Nc - 1) 

To derive the nonperturbative superpotential, Wi^i, of N = 1 supersymmetric 
SU (Nc) gauge theory with one supermultiplet in the adjoint representation 
and one flavor, we integrate in an adjoint matter to the supersymmetric 
SU{Nc) theory with Nf = 1. The down theory superpotential is given by 
l^i,o(X) ineq. flJ): 

= ih - X,)A A(^)^X^. (13.1) 

Here we used the matching ( |11.11| ) with bi^d = 3N(.—1 and bi = bi^u = 2Xc— 1. 

The relevant gauge singlets we should add to X = Q^'Qa in the up theory 
are Uk, given in eq. ( |11.2|) , and Z: 

Z = g'^^^Qfe, (13.2) 

where $ is defined in section 11 and Q, Q are defined in section 12. Therefore, 

Wtree = E ^^'^^ + AZ ^ Wtree,d = [ E ^^Tr*'^ + AQ$Q] (13.3) 



k=2 k=2 



The number of microscopic degrees of freedom (d.o.f($, Q, Q) minus the gauge free- 
dom) is 2Nc, while the number of macroscopic degrees of freedom {d.o.i{Uk,X,Z)) is 
Nc + 1. This means that one might need to add the Nc~ 1 gauge singlets Zk = Q^^Q, 
k — 2,...,Nc to the integrating in procedure. However, we checked that adding Zk is 
irrelevant to the final result in the SU{Nc) vacua branch (see also the footnote after eq. 

(HH)). 
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namely, to find Wtree,d we should solve the equation 



J^, 1 



Q^t E kruk^"-' + XQQ - _(AX + ^ km^Uk^^)! = 0, (13.4) 

k=2 k=3 

where / is the Nc x Nc identity matrix. The different solutions of eq. ( |13.4| ) 
correspond to different branches of classical vacua of the theory. 

We are interested in a branch where $ decouples as its mass approaches 
infinity: m2 oo. Therefore, in this limit, Wi{m2 oo) = Wtree,d + Wa — >■ 
0. Moreover, when A ^ 0, W^i^ ^ 0) ^ 0. Therefore, in the combined 
limit 1712 oo and A ^ both Wa and Wi ^ 0, which implies that 
also Wtree,d 0. But Wtree,d IS independent of A and, therefore, we conclude 
that Wtree,d{^2 ^ oo) 0. Wc refer to this branch as the "perturbative 
branch." 

In the Appendix, it is shown that requiring to have a branch with a 
discrete number of vacua, in addition to an appropriate behavior in the A — >^ 
and m2 oo limits, is consistent with a Wtree,d evaluated at the single ($) 
solution of eq. ( |13.4|) which is perturbative in Xjm^- This solution reads 

Since 

Tr;v.(Qg)' = X^ (13.6) 
the characteristic polynomial of the A^^^ x A^^ matrix QQ is 

{QQf^-^{QQ~X)=^. (13.7) 

This implies that QQ has an eigenvalue X and A'c — 1 zero eigenvalues. 
Therefore, to solve (|13.4|) we can choose a pair of bases for which 

gQ = diag(0,...,0,X). (13.8) 

In these bases, by using (|13.5|) one finds that the perturbative solution to eq. 
(|T33) reads 

$ = diag(a, ...,a, -(A/'c- l)a). (13.9) 
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This is the solution which corresponds classically to the SU{Nc — 1) vacua. 
Using ( |13.3| ), ( |13.4| ) and ( p.3.9| ) we find that in this branch: 



tree,i 



;i3.io) 



k=2 



where (a) is the solution of 



k=2 



fe-i 



0, 



:i3.ii) 



for which (a) = 0{\X/m2) as 1712 —>■ 00; there is a single solution obeying 
this condition. 

In the Appendix, it is also shown that requiring to have a branch with 
a discrete number of vacua, in addition to an appropriate behavior in the 
A — > and 1712 —>■ 00 limits, implies that such a physical branch has Wj\ = 0. 
Therefore, we find that in the SU{Nc) vacua branch, the nonperturbative 
superpotential of the up theory is derived by 



Wu = [Wd + Wtree,d ' W, 



treeJ(m.fe),(A); 



13.12) 



where Wd, Wtree,d and Wtree are given in eqs. (|13.1|) , (|13.10|) and (|13.3|) , 
respectively. After some algebra one finds 



1^1,1 (t/2, X, Z) = -A-'^XT^^ + TJikUk + mX + XZ, 

k=2 



where recall bi = 2Nc — 1, and 



X 



x = ZX 



-1 



and the — 2 constraints: 



X , 



(1 - N,)'-' 



k = 3,...,N,. 



;i3.13) 



;i3.14) 



;i3.15) 



Equation ( |13.15|) is a set of classical conditions (to check it, on the SU (Nc — l) 
classical vacua, one may use eqs. ( |13.8| ), ( |13.9| )), while F in eq. ( |13.14| ) 
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vanishes classically, as expected physically due to the negative power of A in 
the superpotential ( |13.13| ). If one would ignore the "apparently irrelevant" 
operators Uk with > 2, in the integrating in procedure, one would fail to get 
r which vanishes classically. In other words, one gets for F the characteristic 
polynomial for $ (with $ being replaced by x, up to an overall x-dependent 
factor); equation ( |13.14|) is the value of the characteristic polynomial on the 
classical constraints in eq. (|13.15|) , while ignoring the Uk with k > 2 means 



to set their values to zero in the characteristic polynomial, thus leading to 
an object that does not vanish classically.P^ 

We now want to find the vacua of the theory in the branch (|13.13| ) , (|13.15| ) , 
namely, we should solve the equations of motion 6Wi^i/6Uk = 6Wi^i/6X = 
SWi^i/6Z = on the constraints ( |13.15|) . We study here only the case 



mk = 0, k = 3,...,Nc. (13.16) 
The equations of motion reacQ: 

7712 = NA~^'XT^^-\ 



m = A-'^T^^-UT-N,.x^). 



(13 


17) 


(13 


18) 


(13 


19) 



dx 

Combining eq. ( |13.18|) with eq. ( |13.19| ) we get 

= A''iA(x + /i), fx = \-^m. (13.20) 



Equations (|13.20|) and (|13.19|) are the singularity conditions of a genus A^'c — 1 



hyperelliptic curve defined by 



= T{xf^ - A^^X{x + fi). (13.21) 



Unlike the Uk, the Zk with k > 2, defined in the footnote before eq. ( |13.2| ), are 
indeed irrelevant. We checked that adding them to the integrating in procedure does not 
affect the result that Wa = and, consequently, does not change the final result in eqs. 



(13.13)-(13.15), but give extra (classical) constraints for Zk'- ZkX ^ 



20 



In the presence of tree-level terms with rrik ^ for fc > 3, the equations of motion 



receive m/j-dependent corrections, due to the constraints (13.15), and one gets a different 



vacua structure [^0[ : turning on X^fc^a ^kUk give extra vacua not considered here. 
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Using eqs. ( |13.19| ), ( |13.2CI| ) to solve U2 in terms of x, and eliminating U2 
in eq. ( |13.19| ) we find 



x^^ix + t^r^-' - (^) A^^A = 0, (13.22) 

c 

and 

U2 = -jf^^hx + 2iV,/i). (13.23) 

Therefore, we find that Wi^i ( [I37[3D has 61 = 2N^-l = N^+{Nc-l)Nf vacua, 
namely, the 2Nc — 1 solutions for M{x) in terms of the 2Nc — 1 roots of the 
polynomial equation for x ( p.3.22| ) - the singularities of the hyperelliptic curve 
( |13.22| ) - and the solution for X given by eq. ( |13.17] ) {Z is now determined by 
Z = xX, and recall that Uk,k > 2 are fixed by (|13.15|) ). These 61 = 2Nc — 1 
vacua are the vacua of the theory in the Higgs/confinement branch[^ The 
phase transition points to the Coulomb branch are at X = 0. This happens 
iff the adjoint superfield is massless, namely 

X = ^ ma = 0. (13.24) 

The values of Uk at the SU{Nc) vacua are independent of the value X. When 
m = ruk = 0, there is a Z2NC-1 transformation relating the different vacua; 
this is a symmetry of the Uk moduli space in the Coulomb phase. 



14 SU{2) with NA = Nf = l revisited 

In this section, we rederive the results of section 5 in a simpler way, similar 
to the manipulation for iVc > 2 in section 13. 



Adding a tree-level superpotential J2k=3^kUi' gives rise, generically, to a total of 
— 1 solutions |Q; the extra Nc{Nc — 2) solutions go to infinity in the Uk space when 
mk/m2 ^ 0, fc > 3, and one is left with the 2Nc — 1 ^^SU{Nc) vacua" considered here. 
Moreover, adding a tree-level superpotential X]^2 ^kZk gives rise, generically, to a total 
of 2Nc{Nc — 1) solutions |Q; this is due to the constraints discussed in a footnote after 
eq. (]13.15|) . 



44 



For Nc = 2, the anti-fundamental representation is equivalent to the fun- 
damental representation and, therefore, Z of eq. ( |13.2| ) becomes a symmetric 
2x2 matrix (see eq. ( |4.2| )). Moreover, X of section 13 denotes PfX where 
X is an antisymmetric 2x2 matrix, and there is a single Casimir which we 
denote by U2 = M, as in section 5. We thus find that the superpotential 
Wi^i is given by eq. ( |13.13| ) with ( |13.14|) replaced by 

T = M -2x^ = M + Ti{ZX-^y, a; = (detZ)^/2(PfX)-\ (14.1) 

Following the discussion in section 13, we find that the vacua are given by 
the solutions to eqs. ( |13.17| ), ( |13.18| ), and eq. ( |13.19| ) is modified to 

(detA)i/2 = A-3r^. (14.2) 

Namely, we find that X is solved by 

PfX = ^ (14.3) 

2r ^ ^ 

(m2 = m in the notations of section 5), and x, M are given by the singularity 
conditions of an elliptic curve: 

= r^ - A%ax + m), a = 2(detA)^/^ (14.4) 

The curve in the form ( |14.4| ) was presented in ref. This elliptic curve 

is related to the previous one, in eqs. ( |5.22| ), ( |5.23| ), by rescaling m m/2, 
A \/V2 , together with an SL{2, C) transformation: 

QiX ~\~ h 

X — > -, y — > K(cx + d)^y, ad — be = 1, (14.5) 

cx + a 



where a,b,c,d and K are given in terms of M, aA^ and mA 
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15 SU{Nc) with Na, Nf< JV, (61 = SN^ - N^Na - 
Nf) 

In this section, we present the effective superpotential, WNf,NAy in = 1 
supersymmetric SU{Nc) gauge theory, > 2, with A^^ matter superfields 
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in the adjoint representation, Tr$ = 0, and Nf < Nc flavors, Qf, Q\ 
(when Nf > Nc there are also baryons in the theory). Here a,b = 1, ...,Nc, 
i,i = 1, Nf, and a = 1, Nc. As before, we derive the superpotential by 
integrating in Na adjoint supermultiplets to a supersymmetric SU{Nc) gauge 
theory with Nf < Nc flavors, presented in section 12; the superpotential of 
the down theory is = Wnj,^q{X), given in eq. ( 112:21) . We consider the 
up theories with one-loop asymptotic freedom or conformal invariance, for 
which 

bi = 3Nc- Nf - NcNa>0, (15.1) 

where —hi is the one-loop coefficient of the gauge couphng beta-function. 
The relevant gauge singlets we should add to X* in eq. ( p.2.1| ) are 

U{ai,..,ak) = TTN.i^ar ■ -^aj, k = 2,...,Nc, = 1, . . . , iV^, 

Zl = TlNMQ'^a). (15.2) 

(For Na = 1, the gauge singlets = Trjv,(QiQ^$ai • ■ ■ k = 

2, ...,Nc, are irrelevant, as in the Nf = 1 case; they do not change the final 
result even if added to the integrating in procedure^. This is assumed also 
when A^^ = 2.) We obtain the superpotential^ 



Wm^,mAX,U,Z) = (6i-2Ar,)[A-''Met^^X(det^^r) 

A^c Na Na 



2JVc-6l 



k=2 ai=l afc=l 

+ TiNffjiX + TTNfX"Zc„ (15.3) 



and the constraints 

U{ai,..,a^) = T^^Nf{ZaiX ^ ■ ■ ■ Z^^X ^) 



{Nf - Nc^ 



^ -Tr^,(Z„,X-i)---Trjv,(^«,X-i), (15.4) 



We did not discuss here the baryon-like operators of refs. [|T^, [2^; we checked that 
the operators, containing at most Nc adjoint superfields, are irrelevant for the integrat- 
ing in procedure on the perturbative branch (although they might be important on the 
nonperturbative branches po| ). 

^•^When bi ~ 2Nc, the nonperturbative superpotential vanishes and one obtains an 
additional constraint; this happens only in case Na — 1, Nf — 0, considered in section 11. 
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where 

Tafl = U(a,8) " T^T^Nf{ZaX ^ Z nX ^) — — —Tlp^AZaX AZ pX 

(15.5) 

To get this result, for A^^ = 1, we follow the strategy used in the A^^ = 
Nf = 1 case in section 13. Namely, we use limiting considerations and 
impose the physical condition to have a finite number of SU{Nc) vacua 
branches, to find that Wa = 0. Then, using the perturbative branch, where 
Wtree,d{'nT'{a,i3) oo) — > 0, and after some algebra, we find eqs. ( p.5.3| )-( p!53D 
for Na = 1. 

The Na = 3, Nf = case includes the = 4 supersymmetric SU{Nc) 
gauge theory. As for the SU{2) case with A^^ = 3, discussed in section 4, 
in this case, W must be equal to the Yukawa coupling tree-level term of the 
three adjoint superfields. This is, indeed, the result in eq. ( |15.3| ) for A^^ = 3, 
Nf = 0. Moreover, by integrating out a single adjoint superfield, one obtains 
the result in (|15.3|) for A^^ = 2, Nf = 0. The superpotential for A^^ = 2, 
Nf in eq. ( |15.3|) is conjectured. To get this result, we use the assumption 
that Wa = in the perturbative branch also in this case. 

One may now find the quantum vacua of the theory, by solving the equa- 
tions of motion derived from (|15.3|) . In case there is a single adjoint matter 
superfield (A^^ = 1, Nf < Nc), and setting 

m(ai,..,ak) = 0, k>2, (15.6) 

we find that the number of (branches of) SU{Nc) vacua is 

no. of SU{Nc) vacua for Nf < Nc: 

lhiNf + 1) = Nc + NfiNc-l)-^NfiNf-l). (15.7) 

When, in addition, m = 171(^^1,02) = 0, there is a Z^^ symmetry relating 
the different vacua. This symmetry can be read directly from the quantum 
superpotential (|15.3|) : it acts on Q,Q and $ by 

$^e— Q^e —Q, Q^e —Q, n = l,...,6i, (15.8) 
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and leave invariant both the tree-level term, Ti N^X'^Za, and the nonpertur- 
bative superpotential, {A-^'detNfX{detN^T)^-y/^f . 

What about the duality of refs. |TB|, ^? It is valid when > 2 and 
Nf > Nc/{k — 1), k = 3,...,Nc, depending on which Tr^'^ interaction is 
turned on, and at the infra-red fixed point of the renormalization group flow. 
Yet, in the SU{Nc) vacua branches, considered here, we do not have the 
tree-level couplings, m(^ai,..,ak) with k > 2, which are required for the duality 
arguments of |]16|, Studying the cases where m(^ai,..,ak) 7^ 0, as well as 
other branches of SU (Nc) supersymmetric gauge theories, might be useful to 
understand this duality |20|. 
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Appendix A - Wa = 

In this Appendix, we show in detail the considerations leading to the conclu- 
sion that Wa = in the examples considered in sections 3,4,11,13. 



A.l - Down theory = SU{2) with Na = 0, Nj < 4, Up 
theory = SU{2) with Naj^O 

The U{1)q X [/(1)$ X f/(l)_R quantum numbers of W are (0, 0, 2) and, there- 
fore, 

WAiX,A,Th,X) = Wtree,dfit), (A.l) 



where Wtree,d is given in eq. ([4.3|) , and t denotes, schematically, any singlet 
of the SU{2Nf) flavor symmetry with (0, 0, 0) {Q, i?)-charges. When inte- 
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grating in triplets to an SU (2) theory with doublets, W/\ depends on X, A, A 
and rh. The quantum numbers of X, A, A*^ , rh are 



X 


(g,$,i?) 


= (2,0,0), 




A 


(Q,$,i?) 


= (-2,-1,2), 






(g,$,i?) 


= {2NfANAA-^NA-2Nf), 


6i = 6 - 2Ar^ - Nf, 


rh 


iQ,^,R) 


= (0,-2,2). 


(A.2) 



Therefore, if we denote schematically, 

t ~ (A^i)'^m''X'=A^ (A.3) 

we find that the condition that t has (0, 0, 0) {Q, $, -R)-charges implies 

(2 + 2A^A - Nf)a = b. (A.4) 

We now want to impose the limits: 

WAim ^ cx)) ^ 0, W^iA ^ 0) ^ 0. (A.5) 

Therefore, we are only interested in the dependence of on m and A. 
Recall that, by definition, Wtree,d is A-independent. Using the schematic 
dependence of Wtree,d (|4.3|) on m 

WtreeA'^) ~ 4, (A.6) 

m 

and analyzing the several cases with Nf 7^ 0, 61 > we find the following 
schematic rh, A dependence: 

• For Na = 1, Nf = 1, 2, 3 (61 = 4 - Nf): equation ( [OD implies b = bia 
and, therefore, 

WAirh, A) ~ — / ((rhAfA . (A.7) 

• For AT^ = 1, ATj = 4 (61 = 0): "A^^" ~ (detX)-^/^ (see eq. {^J^) and, 
therefore, t ~ rh^X^X"^. The condition that t has (0, 0, 0) {Q, $, i?)- 
charges implies b = c = d = and, therefore, t can only depend on tq 
(introduced in section 8). We thus find 

W^(o,o,2) ~ ^^/(ro) ~ ^/(ro), (A.8) 
m Arf 
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where = AAr^=4^7v^=o ~ m(det A) (see section 8). Using ( |A.8| ), 
holomorphy and SU (8) flavor symmetry we find that 

WA--Wtree,df{ro). (A.9) 

The function /(tq) is related to the function P{to) used in section 8 to 
rescale M; here we can get rid of / in Wa by rescaling m — * (1 + /)m 
together with M M/{1 + /), which takes Wtree,d + Wtree,d 
while leaving rfiM invariant. 

• For Na_ = 2, Nf = 1 (6i = 1): equation ( |A.4| ) implies b = 5a and, 
therefore, 

Wa ~ — /(m^A), (A.IO) 
m 

• For A^^ = Nf = 2 (6i = 0): the theory is infra-red free (see section 10). 

Since we can trust the instanton expansion in the Higgs branch, we know 
that Wa depends on integer powers of A*^ Therefore, the limits (|A.5|) and 



eqs. (|A.7| ), ( |A.9|) , (|A.10|) imply that for all infra-red nontrivial cases with 
Nf 7^ 0, the intermediate superpotential Wi (^]6|) behaves like Wtree,d- As we 



already included Wtree,d in the procedure, we conclude that Wa = when 
integrating in A^^ triplets. Finally, when Nf = 0, it is easy to show that 
Wa = 0. 

A.2 - Down theory = SU{Nc) with Na = Nf = 0, Up 
theory = SU{N,;) with Na = 1 

From eq. ( |11.8| ) we obtain: 

Uk = n'dkf, k = 3,...,N,-2, 

Nc-2 

= n^'^-'lNj-hdj- Y.iNc-k)tAf], 



Um = n 



k=2 

Nc-2 



(N, - 1)/ + hdj + 5] (AT, - A; - l)tAf\ , 

k=2 

(A.ll) 
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where 

n = -, dkf = ^ (A. 12) 

if = ftree,d + /a IS giveii ill eq. ( |11.9D ). On the solution ( |A.11| ) we find that 
Wu = for any /. The Nc — 1 equations for Uk, k = 2, ...,Nc, in terms of 
the Nc — 2 variables t (see eqs. ( |11.9|) , (|11.5|) ) define, in general, an A^^^ — 2 
dimensional manifold of vacua. There will be a discrete set of vacua only if 
the t/fc in eq. (|A.11|) turn out to be t-independent. This happens only for / 
which solves the equations: 



dkf = Ckt1, k = 2,...,Nc-2 

Nc-2 

Ncf - hdj - E - k)tM = CAT^-it^"^ 



k=2 

Nc-2 

-{Nc - l)f + hdj +J2iNc-k- l)tAf = CnJ^% (A.13) 

k=2 

where Ck are independent of t and A (the A-independence follows from 
f/(l)$ X U{1)r charge conservation). For Nc > 3 {Nc = 3 will be considered 
separately), the general solution is 

Nc-2 

/ = E Cktlh, Cmc-1 = Cnc = 0. (A.14) 

k=2 

In the limit A ^ 0, the parameter ti defined in ( |11.5| ) goes to zero and, 
therefore, / — > 0. Since we impose PFa(A ^ 0) ^ 0, we find /a(A ^ 0) ^ 
and, therefore, ftree,d{^ ^ 0) — 0. But ftree,d{t2, ■■■,tNc-2) is independent of 
A (because t2, ■■■,tNc, defined in ( |11.5| ), are A- independent) and, therefore 

ftree,d = 0. (A. 15) 

Equation ( |A.15| ) means that the condition to have a discrete set of vacua 
chooses the branch where Wtree,d = 0.0 

It can be verified that this is the only branch of Wtree,d which obeys: Wtree,d{m2 
oo) -> 0. 
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For Nc > 3, the parameter r, defined in ( p.l.7| ), is m2 independent. There- 
fore, eq. ( |11.10| ) and the condition Wi\{m2 — > cxd) — > imply /a('^2 — > cxd) — *• 
0. In the limit m2 —>■ oo, we get from ( |11.5 ) that t2 —>■ oo while ti, t^, 
are anything. Therefore, we conclude that C2 = ... = C]y^_2 = 0, which im- 
plies 

/a = 0. (A.16) 

We thus found that, for A^^^ > 3, = Wtree,d = 0, and from eq. ( |A.11| ) with 
/ = one finds eq. ( [TLTD . 

Finally, for = 3, eqs. QTLTI ), (|TrTO| ) and ( [CTD imply 

/(ti) = C2t? + Cat?. (A.17) 

As before, W^a(A 0) — implies Wtree,d = and, therefore, Wa = 
{C2tl + C3tl)ml/ml. Now, the limit WA(m2 ^ 00) ^ implies C2 = C3 = 
and, therefore, Wa = 0. 



A. 3 - Down theory = SU{Nc) with Na = 0, Nf = 1, Up 

theory = SU{Nc} with iV^ = iV^ = 1 

In the integrating in procedure ( |13.12| ) we involve Nc + 2 parameters: X, A, A 
and rrik, k = 2, ...,Nc. Therefore, we can construct A^^ "~ 1 parameters with 
(0,0,0) U{1)q X f/(l)$ X U{1)r quantum numbers: 

N —2 



tk = mk , A; = 2,...,Ar,-2. (A.18) 



Nc-k ' 
Afc-1 



We also define the parameter r with (0, 0, 2) (Q, $, i?)-charges 



(A.19) 



Let us denote 



f{t) = fd{to, h, 12) + ftree^dih, tNc~2) + /aI^), = (^0, iNc-2), 

(A.20) 
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where fd, ftree,d and /a are defined by 

Wd = Tfd{to, ti, ta), Wtree,d = T ^^-2), = T f ^{t) . 

(A.21) 

From eqs. (|13.1|) , (|A.18|) we read: 



(A.22) 



The function ftree,d can be a' priori any branch of Wtree,d in (|13.3| ), (|13.4| ). 
Since VFa(A — > 0) — > 0, and as we trust the instanton expansion in the Higgs 
phase, /a is holomorphic in to and /A(i^o — > 0) — 0. Therefore, 



(A.23) 



n=l 



and, moreover, for A'^c > 3 {N^ = 3 will be considered separately) 

WAim2 ^ oo)^0^ /A(t2 ^ oo) ^ ^ a„(t2 ^ oo) ^ 0. (A.24) 
Now, the integrating in procedure (|13.12|) reads: 



Wu= [rf -J2mkUk-XZ 

k=2 



(A.25) 



and we obtain 



X 



NJ - bMf - E (^c - k)tAf 

k=l 

Nc-2 

(AT, - 1)/ + h^tM + 5: (AT, - 1 - k)tkdkf 

k=l 

[todof + hdif], x = ZX-' 



(A.26) 



where 



dtk 



(A.27) 
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Using ( [A .271 ) and the definitions, we get 

= ri-todof)\{m,),ix) = -A-''^Xx2^=i?i(t)|(„,),(A), 

where 

Biit) 



Ehminating A from eq. ( |A.26| ) we get 



where 



Bkit) 



B 



Afc-l 



Mo/ + ti9i/)'=' 

NJ - htodof - Ek=T\N, - k)tAf 



(AT, - 1)/ + bMf + EtfiNc - 1 - k)tkdkf 



(A.28) 
(A.29) 

(A.30) 

(A.31) 
(A.32) 
(A.33) 



Equations (|A.31|) , ( |A.32| ), (|A.33D are Nc — l equations with Ac — 1 parameters 
t = (to, ...,tNc-2)- So, in principle, we can solve t in terms of Bk, k = 2, Ac, 
and insert in (^D, (|A^ to get Wu in terms of 5^, = 2, A'c. 

The equations of motion for W = Wu+mX + XZ with respect to variation 
of X and Z lead (after taking their combinations) to eqs. ( |13.20|) , ( |13.19| ) 
(with r^'= being replaced by x^^^Bi), namely. 



(A.34) 



Since Bi depends on Bj. with k > 2, these equations define, generically, a 
surface in the Bk space. This "surface" is a discrete set of points (vacua) iff 
Bi depends on one Bj.. Without loss of generality, we can express all B^s in 
terms of B2: 



discrete set of vacua Bi = Fi(i?2), Bk = Fk{B2 



k = 3,...,N,. 

(A.35) 



54 



We can now use the properties of the A — and m2 oo hmits to 
show that a discrete set of vacua is obtained iff when Wtree,d is in the X/m2 
perturbative branch (see section 13) then Wa = 0. 

In the hmit A —>■ 0, i.e., to ^ (recall eq. ( |A.18| )), we impose Wa{A — *■ 
0) ^ and, therefore, fA(to ^ 0) ^ 0. Moreover, ( |A.22| ) implies that 
fd{to ^ 0) ^ 0. We denote 



Bk'^ = Bk{to — 0, ti, ...,tNc-2), 

and for to = eqs. ( 1091 ), (|A:31|) , ([O^ ) and (WM) read: 



5} 



(0) 



(0) 



B 



B 



(0) 



dkft 



tree,d 



0, 

k = 2. 



.,iVc-2, 



(<9l/tree,d)^' 
Ncftree,d — Z]fcil^(^c — k)tkdkftree,d 



{diftree,d. 



B 



(0) 



-{N, - l)ftree,d + EkS^iN^ - 1 " k)tAftree,d 



(A.36) 

(A.37) 
(A.38) 

(A.39) 

(A.40) 



idjtree,d)''^ 

Since eqs. (|07D , (|05|) imply = Fi(5^°^) = 0, it follows that 
must be a constant in (ti, ...,tAr^_2) (otherwise we would have Fi(i?2) = for 
any B2 which implies the unphysical result: Wu = in eq. ( |A.28| )). Now, 



eq. ( |A.35| ) implies B^' = Fk{B^^) and, therefore, we conclude that B^^ 



k = 2 Nr are constants. 



There is only a finite number of branches of Wtree,d- Therefore, to find 
which ftree,d has all B^^ = constant, we insert dkftree,d from eq. ( |A.38| ) in 
eqs. (|A.39| ), (|A.4CI|) and, after taking their combination, we obtain 



h + J2ktkBl^\dJtree,d)'~' =0, 



k=2 



ftree,d — tlQl ftree,d + X] '^kBf\diftree,d)^ 
k=2 



(A.41) 
(A.42) 
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where 



1 by convention. Equation ( |A.41| ) implies that 



C = diftree,d 



+ 0{t 



2 >i 



(A.43) 



and thus Wtree,d is in the perturbative branch in l/m2, namely, in 1/^2 (recall 
eq. (|0^)), since ( [02D , ( [CTD give 



tree,d 



''1 



(0), +^(^2^^ 



(A.44) 



The perturbative branch of Wtree,d is unique (see section 13). In this 
branch, from eqs. ( |13.10| ), ( |13.11| ) one finds 



XX + ^ kni). 



\k~l 



tree,d 



k-l 



0. 



(l-iV,)^-i V5(AX) 
Using i \KJ^ , ( |OTD , ( [02D , ( [03D and (|X^) we conclude that 



(A.45) 



Nc 1 _ 

fc=2 



\k-l 



k-l 



0, 



(A.46) 



for any t, which implies 



B 



(0) 



'l-Nr 



\k-l 



(A.47) 



We now assume that /a ^ 0, and denote by a„(ti, tArc-2)^o ^'^^ lowest 
non-zero order term of ( [A.23[ ); we will show that the m2 — > oo limit implies 
a„ = and, therefore, /a = 0. Recall that B^^^ are the zero order terms of 
the to expansion of Bk{t). To next order in to we obtain 



A^c-lt2C' 



7-n+l 



2N^ 



na„ 



N, 



2Nc nan + ^iC^iO-r 

7jd- 



+ ..., (A.48) 



Actually, there are Nc — 1 solutions to eq. ( A. 41 ); one of them is the perturbative 
solution. As explained in section 13, this is the physical branch where the adjoint matter 
decouples in the infinite mass limit (m2 — > oo). We also expect to have other physical 
branches, where the adjoint matter decouples when mk oo for fc > 2. Nevertheless, all 
Nc — 1 solutions to eq. (A. 41) give rise to the same by integrating in. 
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Nc fd 



+ 



+ 



t2d2an - 2( 



nan + tidian\ f N, 



(^^y ^/d + t2d2ftree,d 

(A.49) 



j-n 



(O)^fc-l 



(na„ + ti(9ia„)J +..., = 3, 

(A.50) 

Nc-2 

+ {N, - nbi)an - J2i^c- k)tkdkan] + -., (A.51) 

k=l 



c 



(0)C 



iVc-2 



k=l 



(A.52) 



where mean higher orders in to;0 and ^ is given in ( [A.43|) . 

Using eqs. (1021) , ([OsD and (|08D -( [A:52D , we find that the a„(ti, tiv,-2) 
must satisfy: 

f -i-n+l 

hd,a^ - nan - 2i?f 5^C(na. + hd.an) = C^^^C'^-^CA^.-DCn+i)^ ^^.53) 

a^a^-fcEf ^(na„+ti9ia„) = Cfe(^) ^ = 3,..., AT, -2, 

(A.54) 



Afc-2 



(A^c - nbi)an - J2 i^c - k)tkdkan - (A'c - l)B'~^l_^{nan + ti9ia„ 



c 



fc=l 



(A.55) 



Recall that fd, appearing in Bi,B2, depends on (see eq. ( |A.22|) ) 
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Nc-2 



[l-Nc + nbi)an + ^ {Nc - I - k)tkdkan - NcB^^l{nan + hdittr. 

k=l 



Nr-l 



ti 
(A.56) 



where the constants C^, k = 2, ...,Nc are defined as follows. C2 is proportional 
to the next to leading order coefficient in the expansion of Bi in powers of 
B2-Bf^ (recall eq. (|05|)): 



Bi - {B2 



+ .... 



(A.57) 



Cki k = 3, ...,Nc are proportional to the coefficients of the leading order terms 
in the expansion of B^ — B^^^ in powers of B2 — Blf^ (recall eq. ( [A.35| )): 



~C,(52-5f)(^=-^)" + ..., 
The solution of eqs. (|A.53|) -( [A.56 ) is 

t 



k = 3,...,N, 



(A.58) 



( '1 V 



k=2 



(A.59) 



It is now time to use the limit 777,2 00, namely, ^2 ^ 00 (recall eq. 
( |A.18|) ) to show that a„ = 0. In this limit f/^{t2 00) and, therefore, 
o-nih 00) 0. Recall the perturbative behavior of C{l/t2) in eq. ( |A.43|) , 
we find that eq. ( |A.53|) implies C2 = 0, eq. ( |A.54]) implies Ck = 0, k = 
3, ...,Nc — 2, eq. ( |A.55| ) implies Cn^-i = 0, and eq. ( [A.56| ) implies Cn^ = 0; 
to summarize: 

Ck = 0, k = 2,...,N,. (A.60) 
Inserting ( |A.60| ) in eq. ( |A.59|) we find 



0. 



(A.61) 



Therefore, /a = (recall eq. ( |A.23| )) and we conclude that, for Nc > 3, 
Wa = on the SU{Nc) vacua branch where Wtree,d is the one perturbative 
in 1/7712. 
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We now consider the Nc = 3 case. For SU{3), eq. ( |13.3| ) reads: 



Wi 



tree,d 



m2Tr$^ + mgTr^^ + XQ^Q 



(A.62) 



We find Wtree,d = T ftree,d{ti) , whcre T and ti are given by eqs. ( |A.19|) and 
( |A.18 ), respectively, with A^c = 3, |^ and in the the nonperturbative branch 

8 2 



ftree,d(ti) 

while in the perturbative branch 

ftree,d(tl 



9 



4r 
9 



1 "2^1 ±(1- tip]- 



(A.63) 



(A.64) 



Indeed, in the perturbative branch Wtree,d ~^ when m2 oo. We now 

follow eqs. (|A:20| )-( [A:23|) . Since Wa{J^ ^ 0) ^ 0, and as we trust the 

instanton expansion in the Higgs phase, /a is holomorphic in to, defined in 

eq. ( |A.18| ) with Nc = 3, 6i = 5, and imposing also Wi^{m2 oo) ^ we 
find 

oo 

/A(to,ti) = 5^a„(ti)t^, (A.65) 



n=l 



(A.66) 



Following eqs. ( [A.25| )-( |A.47] ), with Nc = 3, we find that imposing the 
A — s> behavior and a discrete set of vacua give rise to the unphysical result 
Wu = in the nonperturbative branch ( |A.63| ), while for the perturbative 
branch (( [A. 641 ) with the minus sign), assuming /a 7^ and denoting by 
dnitijt^ the lowest order non-zero term in ( [A.65 ), we obtain that eqs. ( |A.48 )- 
(|A.52|) are being replaced with 



nar, 



(A.67) 



^^Note that, unlike A''c ^ 3, here r and to, ti depend on TO2. 

We consider both ± possibihties (the Nc — 1 = 2 solutions of eq. (A. 41) with Nc 



3) 

as the "perturbative branch" because they give rise to the same Wu (see the discussion 
for Nc > 3); so we may choose to work with the one obeying Wtree,d('ni2 — > oo) 0. 
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2 

B3 



3C 1 
(3 - 5n)a„ - 2tia^ - —{nan + Uo-'n) + (A.68) 



9C' 



4 

We thus find that the expansion of Bi and in terms of B2 — B^^ = B2—3/2 



(5n - 2)a„ + tio^ - — (na„ + tia^ 
4ti 



+ .... 



(A.69) 



is 



Si 



3C, 



Bo 



3\2(n+l) , -, , „ 



(6n — 3)a„ + 2tia'^ 

(A.70) 



i?2 = ? + (52-^)'>C'"-'tik5n-2)a„ + ti<-^(na„ + ti<^ 



4 



+ 



Now, the condition (|A.35|) imphes 



(3 — 6n)a„ — 2tia^ — —{nan + ha'n) = C2 

ti 



2-4n 



9(2 

(5n - 2)a„ + tia'^ - —{nan + haj 

4:1 1 



t1 ' 

3-4n 



c 



The solution of eqs. ( [AT2|) , ( [AT3|) is 

1 



(A.71) 

(A.72) 
(A.73) 

(A. 74) 



where ( is given in ( |A.43| ) with t2 = 1 ■ So finally, we got in eq. (|A.74|) the 
result ( A.59|) with A^^c = 3 and ^2 = ^3 = 1- 

Finally, using the m2 00 limit which implies (|A.66| ), we find that 
C2 = C's = 0, and eq. ( |A.74|) implies a„ = 0. Therefore, /a = 0, and also for 
A'c = 3 on the SU (3) vacua branch, where Wtree,d is the one perturbative in 
l/m2, we conclude that Wa = 0. 



60 



References 

N. Seiberg, |hep-th/94080T3 



[2 
[3 

[6 

[7 
[8 
[9 

[10] N. Seiberg, Nucl. Phys. B435 (1995) 129. 

[Ill R.G. Leigh and M.J. Strassler, Nucl. Phys. B447 (1995) 95. 

[12] G. Veneziano and S. Yankielowicz, Phys. Lett. B113 (1982) 321; T.R. 
Taylor, G. Veneziano and S. Yankielowicz, Nucl. Phys. B218 (1983) 
493; A.C. Davis, M. Dine and N. Seiberg, Phys. Lett. B125 (1983) 
487; I. Affleck, M. Dine and N. Seiberg, Nucl. Phys. B241 (1984) 493, 
Nucl. Phys. B256 (1985) 557; D. Amati, K. Konishi, Y. Meurice, G.C. 
Rossi and G. Veneziano, Phys. Rep. 162 (1988) 169, and references 
therein. 

[13] N. Seiberg, Phys. Rev. D49 (1994) 6857. 
[14] K. Intrihgator and N. Seiberg, |hep-th/950608l 



S. Elitzur, A. Forge, A. Giveon and E. Rabinovici, |hep-th/9504080 
Phys. Lett. B353 (1995) 79. 

K. Intriligator, R.G. Leigh and N. Seiberg, Phys. Rev. D50 (1994) 
1092. 

K. Intriligator, Phys. Lett. B336 (1994) 409. 

K. Intriligator and N. Seiberg, Nucl. Phys. B431 (1994) 551. 

T. Banks and E. Rabinovici, Nucl. Phys. B160 (1979) 349; E. Fradkin 
and S. Shenker, Phys. Rev. D19 (1979) 3682. 

N. Seiberg and E. Witten, Nucl. Phys. B426 (1994) 19. 

N. Seiberg and E. Witten, Nucl. Phys. B431 (1994) 484. 

P. Argyres and M. Douglas, |hep-th/9505062 . 



61 



[15] K. Intriligator and N. Seiberg, Nucl. Phys. B444 (1995) 125. 
[16] D. Kutasov, Phys. Lett. B351 (1995) 230. 

[17] K. Intriligator, N. Seiberg and S.H. Shenker, Phys. Lett. B342 (1995) 
152. 

[18] J. Cardy and E. Rabinovici, Nud. Phys. B205 (1982) 1; J. Cardy, 
Nucl Phys. B205 (1982) 17. 

[19] M.A. Shifman and A.L Vainshtein, Nud. Phys. B277 (1986) 456; 
Nud. Phys. B359 (1991) 571. 

[20] S. Ehtzur, A. Forge, A. Giveon and E. Rabinovici, work in progress. 

[21] A. Klemm, W. Lerche, S. Theisen and S. Yankielowicz, Phys. Lett. 
B344 (1995) 169; P. Argyres and A. Faraggi, Phys. Rev. Lett. 73 
(1995) 3931; A. Hanany and Y. Oz, |hep-th/9505075| ; P. Argyres, M.R. 
Plesser and A. Shapere, |hep-th/9505100 . 

[22] D. Kutasov and A. Schwimmer, Phys. Lett. B354 (1995) 315. 



62 



